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CHAPTER 1 


INTEGRAL EQUATION 


1.1. Definition 

An integral equation is an equation in which an unknown function, to be 
determined, appears under one or more integral signs. If the derivatives of 
the function are involved, it is called an integro-differential equation. 

An equation of the form \ 

a(x)<Hx) + F(x) + X\K{xXm)d% = 0, , 

n v 

is called the linear integral equation , where <j>(x) is.the unknown function; 
a(x), F(x) and the kernel of the^integral^ eqhafi’on^'(x; t) are known 
functions; A, is a non-zero real or complex jjaFam^tfer^and. the integration 
extends over the domain Q of the auxiliary variable £;\ \ 

Linear integral equations are classified into’two &&& types: 

\ s " — 

1.2. Volterra Integral Equation V'"' 


An integral equation is said to be a Vqjtenaqintegral equation if the upper 
limit of integration is a variable, e.g., V “vV 

a(x) 4>(x) = F{x) + l[ X K(x,Q m d\ 

J a 

(i) When a = 0 , the unknown function <|> appears only under the integral 
sign and nowhere else in the equation, then 


Fix) = X j K(x£) <(>(£,) d^, a > -oo 

Ja 

is called the Volterra’s integral equation of first kind. 

(ii) When a s 1 , the equation involves the unknown function (j), both 
inside as well as outside the integral sign, then 

(Kx) = F(x) + xJ^(x,y())(^ 

is called the Volterra’s equation of second kind. 

(iii) When a = 1, F(x) = 0, the equation reduced to 

<Kx) = \£*(x,$<K^ is called the homogeneous Volterra’s 
integral equation of second kind. 

1.3. Fredholm Integral Equations 

An integral equation is said to be Fredholm integral equation if the domain 
of integration Q is fixed, e.g.. 


«(x) Mx) = F(x) + *K{x,Q m dk 

Ja 
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(i) When a = 0, the equation involves the unknown function <j> only 
under the integral sign, then 

F(x) = A.£ K(x,t) <j>(4 )a <x<b 

is called the Fredholm integral equation of first kind. 

(ii) When as I , the equation involves the unknown function <j> both 
inside as well as outside the Integral sign, then 

>(>{x) = F(x) + x\ b K(x^)md^ a<x<b 

Ja 

is called the non-homogeneous Fredholm integral equation of second 
kind. "X \ 


Tut y@ur OwnWote? 


(iii) When a s I, F(x) = 0, the equation reduced to, 
#*) = M b K(x, , a<x<b K 

Ja 


N>> 

vx \ 

V \ 


\x \ 


is called as the homogeneous Fredholm- integral equation of second 
kind. V 

\ \\ 

1.4. Differentiation of Function Under an lntegrql Sign 


Consider the function I n (x) defined by the relation'- - '- 

\ V" 

h to = - riV fin)dri, ,' X V- 


\ V. 

Where q is a positive integral and a is ^ constant. 
We known that 

d rfiO) s , rQ d , „r 


-\ p ^ Fix^l -{F(x,r/)}^ + F[x,e(x)]-^-F[x,F(x)]-, 

8F 

Which is valid if F and —- are continuous functions of both x,q and the 

dx 

first derivative of P(x) 
and Q(x) are continuous. 

Differentiating (1) under the integral sign, we have 
^ = (« -1) £(x - n)- 2 mdrj x [(x - tjT { /fo)]^ 




* 

IgjpS ' 

li 1 | I 


— i =(«-l)/„. 1 , tl>\ 
dx 

From the relation (1), we have 

h{ x )=\ x f(n)dn => d j-=f(x) 

Ja dx 

Differentiating (2) successively m times, we have 
~—-(n-l)(n-3)...(n-m)I n _ m n>m 


i . §s• 
wM 

( 2 ) M 81 

^ " s te 

FA x-i" i ■" £ ■■FJMSB&kA 


.2 
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In particular, we have 

= («-!)! /,W 




tie l <ie 


A =(«-i)! x !r = («- 1 ) ! /( JC ) 


Thus, we have 
/,(x) = £ f(x i )dx l : 

A =J7(x,)rfe, 

or Ja 

=> / 2 W=r P/W^eA 

Ja Ja 


In general, we have /„(x) =(«-!)! ££"..A.-A 


From the relations (1) and (5), we have V \ X \ 

, \ • l 


fT” ...-P P f(x l )dx l dx 2 . dx n _ x dx, 

Ja Ja Ja Ja 


n \ 


= - -— /„(*) = 7-r- [ (x-Ti)” 1 /(rtohu i 

(n-l)l V ’ (n-1)! J - V ’ 

This may be represented as the result oPnte^ating the function / from a to 
x and then integrating (n -1) times, we have 

Pmdvr ( 6 ) 

1.5. Relation between Differential and Integral Equations 

There is a fundamental relationship between integral equations and ordinary 
and partial differential equations with given initial values. Consider the 
differential equation of nth order as 


A-riir 




d"y . d n ~ l y d n 2 y 

17 +a ' (x) !r +a ' ix) 17* + . 




with continuous coefficients a,(x)-i = l,2,3,...,ji. The initial conditions 
are prescribed as follows: 


y(0) = C o ,y 1 (0) = C 1 ,y 2 (0) = C J ,-,y''- 1 (0) = C„, 1 


(2) I 





Where the prime denotes differentiation with respect to x . Consider 


' llillfc 



—— = (ft{x) By integrating and using the initial conditions(2), we have 
dx" 


fan-2 J 0 ,w ' " n ~ i 
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,-{ t V(^ r+c .^ + c.. 1 ^j j .... + c, 


(3) Ty£ 


Where £ (j>(%) dU represents for a multiple integral of order n. 

From the relations (3) and (1), we obtain 

<j)(x) +a t (x) \l<f{£)d£-Ki 2 J J(F)d£ l + +tf(x) | J{£)dE, n 

= F( X ) +Y,iCiZi(x) 0 


Where *,(*) = a,(x) + + •••• + 


(n - i)N v "'\ 

w X x 

_ , “Tv X. \ 


<P(x) + \l a,(*) + a 2 (x)(x-<?) +.+ a„ (x) ( ^ - ^^ <?, (x), ( 6 ) ' 

> v —V x \'^r\ 

Where G,(x) = F(x) + f^iC^ix) 

1 , \ N\ 

The equation (6) represents the non-hortiogene^ts Volterra’s integral 
equation of second kind. ''V*" 

1.6. Particular Case \ ^ 

Consider the linear differential equati^ofsecqnd order. 
d 2 y dy 

-— + a, (x)y- + a 2 (x)y = F(x), (1) 

dx dx 

with initial conditions 

*(0) =C 0 andy'( 0) = C, (2) 

d 2 y 

Consider—f- = <f)(x) / 

etc 7 

By integrating and using the initial conditions (2), we have 

(3) 


and P = J*(x - %)<f>(£)dc t C,x+,C 0 
The given differential equation reduces to 
</(x) +a l (x) [j ‘ X J($)d4 + C y 

[J l{x-m/;)dZ + C l x+C^y=F{x) 

or (Zl(x) + |J[a 1 (x) + a 2 (x)(x-^)]^)d^ 
= F(x)-C,a,(x)-C I xa 2 (x) -C 0 a 2 (x) 


^ ivy > - 


i§SK?; 


aBeaapBBM ag EaewBam 
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or^(x) =f{x) + l | o K(x,Z)(j>{Z)dZ 


Where K(x,^) -a x [x) + a 2 (x) (*-£),/l =-l 

f(x) =F(x) -C,a,(x)-C l xa 2 (x ) -C 0 a 2 (x) (6) 

Which represents the Volterra’s integral equation of the second kind. 
Similarly, the boundary value problems in ordinary differential equations 
lead to Fredholm integral equations. 

Example: Show that the function <j>(x) = (l +x 2 ) is a solution of the 
Volterra integral equation 




I/2V. \ 


Solution: Substituting the function = (l + x 2 )^'\in tfregiven equation. 


we have 


— T - 

1 + x 2 J «l + x 2 (l + <f) 3/2 


1 1 

, ..2 + i , ..2 


l + x > 1 + * 2 l(l+^)' /2 j 0 ) \ \ 

- L T +— l —— 1 —=— 

1 + * (l + x 2 ) l + x (i + x 2) 3/2 ^5CL 


The substitution of <{»(x) reduces the given equation to an identity with 
respect to x, thus 

ij>(x) = (l + x 2 ) is a solution of the integral equation. 

Example: From an integral equation corresponding to the differential 
equation 


d 2 y . dy 
—f-sinx— + e y = x 
dx 2 dx 


with the initial conditions 

y{ o) = i,^'(°) = -i 

^2 

Solution: Consider —- = d) (V) 
dx 1 n ’ 


Ttan f= 


And y = ^{x-i,)^)di s -x + \ 


Substituting the relations (1), (2) and (3) in the given differential equation, 
we have 
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^(x)-sinx | o V(^-l +e x \^ X a (x-Z)<f>{Z)d£-x + \\ = x 

=>^(x) - [x - situ + e x (x - l)] -+- J o [sin x - e {x - ^<f{^)d E, 

represents a Volterra’s integral equation of second kind. 

Example: Reduce the initial integral equation of second kind. 

<f>"{x) + X<p{x) =F(x), 

with ^(O) - 1 ,^'(0) = 0 . 

Solution: The differential equation is given as 
<J>"{x) = F(x) 

=> <P"{x) = 

Integrating both the sides with regard to x, we 

\l<t>"(x)dx = £ {F(x) - 2.<f>(x))dx 

=> [ml\l{F{x)-Wx))dx 

=>*'(*) -^'(o) =J 'l{F{x)-m 

=>*'(*) =j 'l{F{x)-Wx)}dx % 

Integrating both the sides with regard to x/v/e-have 

\j\x)dx = J'{F(x) - X<f>{x)}dx 2 

=>t(x) -^( 0 ) =\l{F(£)-XmW 

=>H X ) = 1 + j x t (x-Q{F(d-w&}f5, 

Which reduces to a Volterra’s integral equation of second kind. 

Example: Reduce the differential equation 
^3 <f'\x) + 2^(x) = 4 sinx 
with the conditions 
«S(0) = l,,4'(0) = -2 

into a non-homogeneous Volterra’s integral equation of second kind. 
Conversely, derive the original differential equation with the initial 
conditions from the integral equation obtained. 

Solution; The given differential equation may be written as 

tj>”[x ) = 4sinx- 2^(x) + 3^'(x) (1) 

integrating with regard to x, both the sides we have 

J 0 <t>"(x)dx - 4 £ sin xdx - 2 £ §{x)dx + 3 £ <f>'{x)dx 
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=> mi = -4(cosx)* -2 £ 0(x)dx + 3 [<z>(x)]' 

=> ^'(x)-^'(o) = -4 (cosx- l)-2 <z)(x)t/x + 3 {^(x)-l} 

=> ^'(x) = - 2-4 (cosx- l) + 3 [^(x)-l]-2 J <f>(x)dx 

=> ^’(x) = -1-4cosx + 3^(x)-2 J <j>{x)dx 
integrating with regard to x, both the sides, we have 
J <f> \x)dx = - J dx ~ 4 £ cos x dx + 3 £ <f(x)dx - 2 £ <j){x)dx 2 

=> [^(x)]* =-x-4 sinx + 3 | <f>{x)dx-2 J <j>(x)dx\ 

s 

=> ^(x)-^(0) = -x-4 sinx + 3 J*ft£)d(;-2 j*$£)dg ? . ■ 
=* ^(x)-l = -x-4 sinx + 3 


=>^(x) = (l-x-4 sinx)+jj[3-2(x-^)]^^ '' (3) 

Represents the non-homogeneous VolterraWAixtegraT equation of second 
kind. \ "V > -~ 

Converse: Again, differentiating the equation (3)\wtth regard to x, we have 
f( x ) =-1-4 cosx+ ~ f[3-'W>|J]:^)^ 

=> ^'(x) =-1-4 cosx + 

| o X £[3 - 2(x - 4)]md^ + [3 - 2(x - x)]^(x). 1 

=> <f>\x) = — 1-4 cosx+ 3^(x)-2 J <f(£)d£ (4) 

Differentiating both the sides with regard to x, we have 
=>^"(x) = 4 sinx+ 3^'(x)-2—[ 




'' ' ' - ‘V -'i\ 5 

"“ “ -< . /„y y. Qa \ 


Which is the required given differential equation .Putting x = 0 in the 

Example: Convert the differential equation + Xtf - 0 |jj - 

With initial conditions ^(0) = 0 ,^(/) = 0, into Fredholm integral equation - | | | gjjj 

of second kind. Also, recover the original differential equation from the M* 

Solution: The differential equation may be written as 
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®|{IntegraI^uati)DmMi^p#^p* 

• \,'v; *§?'^ *-;'■>■■■ *j f>!&? 


dx 2 ^ 

Integrating both the sides with regard to x, we have 

folJ dx = -^ < ^ dx 


^ = -AfV& 

dx J n J° 


(1) Tut your Owi Sfotes i 


^’(x) -^'(0) = -X^jdx 

Consider^' (0) = C, a constant, then ^' (x) = C — X ,J^(x)<& x 


Integrating both the sides, we have 


V's 


, \ N- 


W4 =cx-x J;**) a 2 '■x^C 

=> 4>{x) -<t>{0) = Cx-X [(x~^)^\^2 ' 

„ \ \\ 

=> j(x) = Cx-X £ (x- %)<t>{4)d ,£ .^' (2 

Since <j>(l) = 0 => <f>(l) = Cl-X 

=> o = a - a JV/ - 

\ s '' v “ 
v 

=>c= yf«( / "^^ ( 3 

From the relations (2) and (3), we have 

*M=f* Iv-tmw-x \lix-mm 
=>*(*)= \l Xx( ^mdz+ 

=> *(*)=-£ i(x-4) 

_< f x ,g f' X (^~^) //g-, jel 


</>(x ) =2 Jo j \ x 1 ; W ) • ^ 

*K*M j'*(x,<f)^)^, 


I £('-£) , 


£(*,£) = - 




if 0<£<x 


if x<% <1 


188118$ 


~ ! i ^ -■*? X 

v;--XX-:.. : -'' ,X-, : -r v '.X;X^X 

I I ggf 

*;«SS|ts8«|S5tiBa«i 

' *11 

• , r 

$ iiS? I . s. 'gi KAjftsISfe 


This determines the homogeneous Fredholm integral equation of second I „ m . ., 

kind. - ' 

Converse: The integral equation may be taken as - 1 ' - , 
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*{*)= Hhx-z) m 

Differentiating both the sides with regard to x, we have 

«>'(*)= J x 1 f>- mm 

*+($)<«; 

again differentiating both sides with regard to x , we haye % \ 

=»+ r w-sj; M? r l -*(«)^-sJ.' x *(5^^ 


(6) t ; ?m: 


v X 

V x 


=> tj>"(;t) + X(J)(x) = 0 
From the relation (6), we have 


^( 0 ) = 0 and<f>{l) = -0 ( 8 ) 

Which is the required given differential equa tion . 

Example: Obtain Fredholm integral equation of second kind corresponding 
to the boundary 

value problems. 

0 = *-*4;4>(O) = O, f(l) = 0 

Also, recover the boundary value problem from the integral equation you 
obtain. 

Solution: The differential equation may be written as 

d 2 0 3 , 

dx 2 

Integrating, both the sides, with regard to x, we have 

<•x d 2 (p C x C x 

l-dx^xdx-X^dx 

=* r{x) -^'(o) =±x 2 -z\ x j(4)dt 

Integrating both the sides with regard to x, we have 

*{*) -^(°) =cx+\y 6 y-rf 9 md? 




JIlRtes 


M0: 


m; 

- 
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■ Integral Eq. 


*{x) =cx+(/ 6 )x 3 -i\]mde 

</{x) =Cx+ (/ 6 )x 3 -A J*(*-£)#£)</£ 


Since ^'(1) = 0 => 0'(l) -C + |-Aj o V(^)^ 

=> c=~+;tJ'tKfMf 

=>^(*) = _ (/ / 2) x + (/ / 6)- x3+A f 0 (*-£¥(£)<*£ 

=> ^(*) = -(X ) x+ (%) x3 +; - {j 0 I ^W^+ f'*rf(W};H 

V c ^ o Cx-?)^(^#. 

\ ^ 'n. 


*H X ) = ((* 3 ” 3x ) +A }|^#£t££ + 


*(*) = (-J (* 3 - 3 x) + A 


Where £(x, Q = 


x,x <£ 
Z,X>% 


\ \ 


This determined the non-homogeneou^ Vrddholm integral equation of 
second. Put/ = 1 everywhere. \ s \ v . 

* \i-s 

Converse: The integral equation may be tahen-as 

Umd^-i r {x-nmdt (2) 

V 2 / W J0 0 

Differentiating (2) with regard to x, both the sides, we have 

f»'M - - (f).+Qyj>«w -a ~ 

^ f{x) = -[ l \{ l -]x 2 + X [md^ -X\ X md$ (3) 

w \x) 

Differentiating again with regard to x, both the sides, we have 

r(x )=ttlj J>«w -rl £ 

3 d"(*) = x + 4j''iL{d«)}4f -A \l^-{<K()}d4-M(x) 


iilii y : 




=> ^"(x) = x-A^(x) 
^"(x) + A^(x) = x (4) 


From the relations (2) and (3), we have 
«l(0) = 0an<ty'(l)=-i+i=0 
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' Iiitegral 

gg * »v» * ^ 


Which is the required differential equation together with the boundary 
conditions. 

EXERCISE 1 

1. Form an integral equation corresponding to the differential equation. 


your; Own Spates 


d 2 y 5 dy 

dx dx 


— - 5 —+ 6_y= 0 with the intial consitions 


j>(o)=o,j<-(o)=-i 

2. From the integral equations corresponding to the following differential 
equations with given initial conditions. 

V, i 

(a) 3^- 6^+ 5y= 0 ;/(0) =q,y'(0) =£, 


v\. \ 


(b) + (] + x 2 ')y = cosx;y(0) =0 ,^fb) = 2 

. __ \ ~'x 

\ *'*' ”'**v VVi ^ X \ **s 

(c) (j)"-sin x$'+e x § = x, (f)(0) = 1, 

\ \\ 

^T + M> = 0; (f)(0) = 0, <f)(/)r“0 

(d) dx \ 

\ 

X 'j 

\ \ 

V 


f- i'*’--' -> *. 


* : : M:-k 

§8 fc IS 

- ®S|fel8SteteilillSSlItt 

lifSiiijH $ * j " 


■ iPjp 

mBIh 
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CHAPTER 2 


VOLTERRA’S INTEGRAL EQUATION 


2.1. Definition 

Solution of non-homogeneous Volterra’s integral equation of second kind by 
the method of successive substitution 

Consider the Volterra’s integral equation of second kind as 


Tut yam* OwmMftes 


'fi(x) = F(x) + A [K(x,mt)dZ, (1) 

Where , 'X'-O' 

(i) The kernel K(x, £,)*() is real and continuous^ ih the rectangle 
R : a < x<b, a <Z,<b . ConsTdeT'|-if(x,^) \K.P \ where P is the 


maximum value in R. 


s. ’v, x 

\ X\ 


(ii) The function F(x) /- 0 is real and continuous jn an interval a<x<b. 
Consider|.F(x)| < Q , where Q is the ihaximiim yalue in the interval. 


(iii) X is a non-zero numerical parameter,. N 

^ '"Vs, ^ 

Substituting the unknown function <jv(|')'Hinder an integral sign from the 
equation (1) itself, we have \ 


t(x) = F(x) + ;l J y(x,t)[F{& + rfK{€,e i W l )d£ l ]d4 , ; 

t(x) = F(x) + A \ X a K(x,t)F(t)dZ + Z 2 [K(x,Z) [ 

Performing the operation successively for <t>(%), we have , ‘ 

. -< ' L"’ 

</>(x) = F(x) + A \*K(x,4)F(£)dZ+tf ! X 11 

• 'gs. , ? M s . 

■ \ X K{x^) f *K(4,Q FiQ + rf'Ki^m,) dc 2 d&dc r 
=> t(x) = F(x) + A l X a K(x,t)F(Z)dt+A 2 \ X a K{x,Z) ‘ I 

\ 4 a K(t,t l )F(t l )dt l dZ+^ J [K{x,?) JX(££) S S ^ 

j'K(f i ,&m)df 2 d{ l df+ . 

In general, we have 

</>(x) = F(x) + A | X a K(x,Z)F(t)dt+Z 2 jj:(x,& 

tfK&QFGWdf+S j a X K(x,f) 
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i|issii888l 






















\lm,o\y{^ 2 m 2 )d^d^ . +r[yfrt) 

f*K(4,4i ) J* K(4i, % 2 ) -J y . d^ + 

r +l J *K(x,4) \]k{^)\]k^). . \^K{^ n mMk .•« (2) 


Consider the infinite series 


</>(x) = F{x) + X[ K(x, Z)F({)dt + X 1 [ a K(x, 4 ) 

[K(x,4 

\ "X \ 

j ' e m K(44)\*K(4,{ 1 Mt2m 1 dt l d4+ +.. , X\(3) 

LetS,(x) = ^r^(x^) 

J a t \\ ^ 

, v V 'C'\ 

J *(U) .-7 . d&4. 

\ \\ 

M*)H*l|f>(^||j>(«,>'.j 

|j‘"'^«.-..l.-,)|f«.-,)||‘'4,l. 


X. ^X. 

N><* ^ 

kx\\ 

\ v irv / l* \ v t b 


\ 


Since | K(x, |< P and |f(x)| < Q \ 

\ \>- 

(r_nY 

Then 5„(x) < r g/ 3 "^—— 

1111 n! 

|5„(x)|<|r| g lX^L 

1111 n ! 

If follows that the series is convergent for all values of X, P, Q(b-a ) and 
hence the series (3) is absolutely and uniformly convergent. 


Again |S' n+1 (*)|<|^ n+1 |MP" 


(*-nr 

(«+l)! 


X(x)|<|r +, |M 


[P(b-a)f , 

(« + !)! 


Where M is the maximum value of the absolute value of the function <t>(x) 
which is continuous in the interval /. 

a<x<b 

lim S { (x) = 0 

We notice that the function <J)(x) which satisfies the relation (2) is the 
continuous function given by the infinite series (3) .The integral equation 
(1) has a unique continuous solution in the interval /. 


- 7 - Vtf. .•W’-- 1 -- - >■. . i ■ - •. - ■ • 




Sg f 
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2.2. Solution of non-homogeneous Volterra’s integral equation of f. 
second kind. 

>» 

A volterra integral equation of second kind 

<f>(x) - F(x) + X J K(x,^)^)d^ has one and only one solution, given by 
the relation 

<f> {x) = F(x) + \l X 9 R(x,t;A)F{£)d4 

Where the resolvent kernel R (x, A.) is the sum of the series 

oo 

R(x, t;; A.) = K(x, 0+ VA v K v (x,4), convergent for all values of X. 
v-l 


Consider the Volterra integral equation of second kind\\^ \ 

it(x) = F{x) + x\ I K{x^)md^ . \ ( 1 ) 

Where the kernel K (x, £,) is a continuous functionjor^QjS x < a, 0 < E, < a , 
and the function F(x) is continuous for 0 < x <\®N\ 

Consider an infinite power series in ascending powersjof X as 

(j)(jc) = <() 0 (x) + A-tJij (x) + A. 2 <j) 2 (x) +.+ (2) 

Let the series (2) is a solution of the iqtegraleJjuation (1), then 
4> 0 (x) + (x) + A. 2 4>2 (x) +.+.+ +. 


= F(x) + X [K(x,4) [4> 0 (5) + H+ A 2 <t) 2 ($) -+.+ r<(,„(3) 

Equating the coefficients of like power of X , we get 
(f> 0 (x) = F(x) 




F:m 








h( x )=\l K {. x >£)h- 




Thus it yields a method for a successive approximation of the function 
<!>„ (x). It may be shown that the series (2) converges uniformly in x and X 

, for any X andx e [0,a], under these assumptions with regard to F[x) and 
K(x, £,), its sum is a unique solution of the equation (1). jg 
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Further, from (4), it follows that 


* (*)=/;*(*, 

<t>r (*) -£*(*> z) \\lmA)F{Qd^ ) dt 


Tut your Own Nates 


Here ^=0, ; 5 = 0, 5 = * 

By interchanging the order of integration, we have 

4> 2 (*)= 

=> 4*2(^) = \[K 2 (x^)F(Qd^ 

Where, K 2 (x, E,) = [>(x,^(T,^ , 

"S, ' 

In general, we have 

♦,(*)=] o K'(x,&F(4)dt, n = 1,2.. 


The functions £T B (x, £,) are called iterated-, kernels, which can readily be 
shown that \ s . 

K x (x,l)= K{x,l) V~" 


and K 2 (x, 5) = K i (x, 5) etc., are deftned.recursively by the -formulas 

K n+l (x, Q = j'^(x,z)^„(z,^z, n (8) ^ 

The relation (2), which represents the solution of the integral equation, (1) :A'-yvTi.y:,2.y \ 

can therefore be written as ‘ 

Kx)^(x)+E^(/,(x^)W (9) ' - ; 

Where 0, - - 

R(x,t,X)=K,(x,t,)+>l^(x,ty\%(x,§*.^\ M K,(x,§+XK M (x,§+... (10) | j j : 

^R(x,%,x)‘t r \', K .^ x A 

V_ ° jp ||| Bp - ~ - v ' -1 

The function R(x, t, X) is called the resolvent kernel or reciprocal kernel of 

the integral equation (1). The series converges absolutely and uniformly in - 
the case of a continuous kernel K(x, Q. 




Iterated kernels and the resolvent kernel do not depend on the lower limit of 
an integral equation. The resolvent kernel R(x, 5, A,) satisfies the functional 
equation. 

R(x, 5, X) = K(x,£,) + X J* K (x, z)R(z, X)dz 
Thus the solution of the equation (1) reduces to 

${x) = F{x) + \\lR(x,$\X)F{g)d$ 
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Example: 1 With the aid of the resolvent kernel find the solution of the 
integral equation 


Tut yo%sr Own Mrtesi 
































\ olterra's Integral Equation' . ’ 



*A x )=\\l? d z = h* 


Tut y&’jt Own Motes 


and so on. 

Thus the solution of the integral equation is given by 

<h( jc) = l + x + —x 2 +~x 3 + ...-e x 
V ; 2! 3! 

Determination of Resolvent Kernels 

(a) Consider that the kernel K (x, is a polynomial of degree (n -1) in £ 
such that it may be expressed in the form. 

Z! X''-.. " \ 

\\ \ ^ \ v 

/.-I .x 

Where the coefficients ^a v (x) are continuous'in the integral [0,a]. 

v=o v A\ 

* y \ \ X, 

Let the auxiliary function be X \ \ \ 




with the conditions 


X X-l)! 

\ ■ X 


V7 N> 

X J »-Ij\ 




r dx dx"- 2 " 

In addition, we have 

Since the resovlent kernel satisfies the functional equation 
R(x,^,'k) = K(x,^) + X ^K(x,z) R(z,$,l)dz •( 

From (4) and (5), we have 

d"- ( . . [ ,<r‘<j) aK'Mtr 2 * 

5? ^ 4; x) = %Kl - x - ^ . + ^' 




Using (1) and (3) the relation (7) reduces to 

~ X a oW^TT + a iW^I + + X-iW<t> =0 (8) 

The function <j>(x, £;>.) is therefore the integral of the linear equation 
D(J) = 0 which satisfies the Cauchy conditions. 

Thus, we have an expression for the resolvent kernel as 


(7) 
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, Volterra's Integral Equation". 


"t/* 1 : r*; 


(b) Further, assume that the kernel K(x, l,) is a polynomial of degree 
(n -1) in x such that it may be expressed in the form. 

^5)^(9+^(t)(M+^(9^M’+--+^M“+--- no) 

Where the coefficients h v (£,) are continuous in the interval [0, a] 

Consider i?(x, £ ; X) = \; A.) (11) 

A ax 

The auxiliary function <))(jc, £, ; a) satisfies the following conditions. 

, d n -\ i|) n d- x </> , t \ 

4> =— =.=-r = 0 at £ = *1- ~-\ at£^x. vO (12) 

d\ dU~ d£ n ~' 


Therefore the functional relation reduces to 


V O 
v \ \ 


Using the expression (11) and (12) and ^integrating -by parts to the 
integral on R.H.S., we have \ N\ 


Tut your Own tNbtes 


-— = -AK(x,Z) + A \^K{z,Z)—J?(x, z 
’ s "''v. \ \ ' 


A<t>=^ +=0 < 14 > 

Thus the auxiliary function <j>(x^Xk^T^S'The integral of the linear 
equation = 0 which satisfies x tlje Cauchy conditions. Hence the 
resolvent kernel is of the form ' 

R{ x ,^X) = -\~^,x-'k) (15) 

Example: Find the resolvent kernels of integral equations with the 
following kernel; (a = 1) 

K(x, ^) = -2 + 3 (x - ; X = 1 

Solution: Here K (x, £) = -2 + 3 (x - %); X = 1 
Comparing with the relation, we have 
a 0 (x) = -2, a x (x) = 3; and all the other a v (x) = 0 
The differential equation (8) reduces to 

= 0 (I) 

with the conditions 


<t> = 0 at x = %, — = 1 at x = £, 
dx 

The solution of equation (1) is given by 
<t* = A(t)e~ ix +B(E)e x 
From (2) and (3), we obtain 
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4 4 

Hence the resolvent kernel is given by 

Example: Solve the Volterra’s integral equation 

^) = (l-2x-4^) + jJ[3 + 6(^-0-4(x-4) 2 ]<|)(^).^ 

Solution: Here f[x) = 1 - 2x - 4x 2 ; X = 1; 


K(x, 0 = 3 + 6 (jc-£,)-4(jc-^) 2 
Comparing with the relation (1), we have 
a o(*) = 3 > *i(*)=6, a 2 (x) = -8 


■ v \ 
v \' 

X-X 


differential 


D§ = - X a 0 (x )-—j + a,(x) -7 + l+K™ = 0reduces to 

dx" l ° dxT~ l ' dx n ~\ \, X\. 

S-3-2*- XT 

\ ^ 

with the conditions .'-v 

2 \ **% ' 

<j> = 0 = — at x = ^ and ^-y = 1 at (2) 

dx dx 

The solution of equation (1) is given by 

<K^;1 ) = Att)e+B(Qe- 1 ' + C(Qe A * (3) 

From (2) and (3), we obtain 

R ( x ’Z> l ) = J^K x ’Z'’ 1 ) 

Therefore, the resolvent becomes 

= -—[V' f +4e“ 2(l '^ -32e 4{ ' t_ ^J Thus, the solution of the integral 
equation is given by 

<j)(x) =1—2c—4X 2 -^[T^(9+10^X)+^(^-^)+e^(-32^-32^J 
or <j>(x) = l-2x-4x 2 -l + 2x + 4x 2 + e x =e* 

Example: Solve the Volteira integral equation of second kind, by using 
the method of successive approximation. 

<)>(x) = (l + x)- J o V(£)flf£,with ♦o(*) = l 


28A/11, (First Floor) Jia Sarai, Hauz Khas, Near iAT., New Delhi-110016, Ph.: (011)-26537527, CeU: 9999183434 & 9899161734, 8588844789 
E-mail: infrxStfipsacademy.coin; Website: www.dipsacademy.com 






















Solution: The integral equation is given as <j)(x) = (1 + x) - J" <j>{^)d^. 

Here /(x) = 1 + x, F(x,^) = l and A. = -l 
The vth order approximation is given by 

h(x) = f(x) + k\ X o K(x,M^(ftIt 

or <t> v (x) = (l + x)-\j^)d4. 

Substituting v = l, 2, 3,.... We have 

♦i (*)=o+ x ) - Hums = 0 + x )~ \l d %= 1 'X^X 

♦2 (*) = 0 + *) “ L <f\ (Z) d Z = (1 + x ) ~ x = 1 v 

+3(*)=(i + *)- \lm d $ = '\\ \x. 

a W■=(>+*)-Jo *-i(q , \ N\ 

Hence the solution of the integral equatibji is 'giyen by 
< j ) (x) = lim < t , v (x) = 1 V 


Solution of the Fredholm integral equation by the method of 
successive substitutions. 

Consider the Fredholm integral equation of second kind as 

4(x) = F{x) + A,[ b 'K(x,4W£)d4( 1 ) 

where 

(i) The kernel K{x, E,)^ 0 is real and continuous in the rectangle 
R: a <^<b. Consider F(x,^) < P, where P is the maximum value in 
R. 

(ii) The function F(x) * 0 is real and continuous in an interval 
I :a<x<b . Consider |F(x)| <Q, when Q the maximum value is in the 
interval. 

(iii) X is a non -zero numerical parameter. 

Since there exists a continuous solution <j»(x) so substituting the unknown 
function under an integral sign from the equation (1) itself, we obtain. 

♦(*) = F(x) + X f a K(x,4) {f(0 + rf'K(M l W&)d4 l }d4 

b(x) = F(x) + X [K(x,t)F(t)d{ + A, 2 \ b K{x,^\ b K^,Q *(£) d& d£ 
Proceeding in this manner successively for <j)(^), we get 
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<j >(x) = F(x) + X \ b 'K(x,Z)F(Z)dZ + 

<|,(x) = F(x) + A. l t a K(x,QF(&dZ+A 2 f a K(x,& ^K^F^d^ + 

A 3 \ b a K(x,t) \lK{U)\^M^2)d^d^ + --- + 

+r +[ \ b K(x,{) f *(££).. \ b K(^,Z,)F(%fa.^d£ l dt (2) 

. \ 

Consider the infinite series \ " 

*(*) = F(x) + a \’’K(x,{)F(t)dt + A 1 \ b a K(x,q 

• \ X \ “ S % 

s \ \ N 

q-Ki^)F^)d^ + ...0) 

J.a v \ 

\ \ % 

-, V '•- 

As the kernel K(x, 2.) and the known" function ~F (2,) are real and 
continuous, so each term of the \ x " ~ 

Vw 

Above series represents a continuous, function ui/, provided it converges 
uniformly in that >. 

. f f \ ^ v - 

interval. \ 

Since | K(x, £)| < P and |f(x)| <Q 

Contains the maximum value in R and / respectively. 

Assume S n (x) = X" J K(x,^) 

\ b mQ- . \^K(^jF{^d^...d^ 

Then|5„(x)|<|r|2P n (b-fl)'’ 


It will converge only if 


|X|P(6-a)<l=>|X|< 


P(b-a) 


Thus the series (2) converges absolutely and uniformly when the relation (3) Ji 
holds 

Again, let 5 B+1 (x) = r +1 jV(x,^) 

f b mA\ . )F(L)d^...d^ 

Ja Ja n 
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Where M is the maximum value of the absolute value of the function <j>(x) 
in I. 

If |^|P(h-a)<l then lim S n+l (x) = 0 

Thus we notice that the function 4>(x) which satisfies the relation (2) is the 
continuous function 

given by the series (1). We can verify the direct substitution that the function 
<j>(x) defined by (2) 

satisfies the integral equation (1). Multiplying (2) both the sides with 
XK(x, £) and integrating 

term by term within the fixed domain, we have V \... x 

x. V\ 

rf a K{x,S) </>($) dt = ; l [ b K{x,S) [F& + X] 


The R.H.S. may be expressed as 


.+-]^ 


\ \ > — 

= tf a K(x,t) Fi^dt + X 2 \ b K{x& \[K{^F{^\d^ 

v'-'-x NT"""' 


.= <(.(x)-F(x) 

V v“*— 

=* 4 >{x) = F{x) + \ [k(x,M{ 4) d^\^l 

2.5 Iterated Kernels 

The nth iterated kernel K n (x,Q is determined by the relation 

K n (*> 4) = [[ K m (*> Z ) K n- m 0 , 4)& m<Tl (]) 

We know that W, (x,^) = K(x,Z > ) 

And K n (x,^)= \ b K(x,z)K nA (z,^)dz n = 2, 3, 4. (2) 

•fa 

or K n (x,Q= j* K(x, z, )K n _ l (z,,(3) 
Substituting (n-l) for n in the equation (2), we have 

K-\ (*> *>) = f a K { x > z ) K n-2 (*. %) & 

° r K n-\ (*»§)= \[ K ^ Z \ > Z 2 )K n _2 (z 2 ’ 4)dz 2 (4) 

Substituting K„_, (z,, £,) in the equation (3), we have 
K n (*,%)= dZy 

or K n {x, = £|V(x,z 1 )W(z 1 ,z 2 )W„_ 2 (z 2 ,^ 2 ^ i (5) 

Substituting (n-l) for n in the equation(4), we have 








WM * 
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5) = I' K ( Z nh) K nJ Z Z^) dZ l 

Ja 

From the relation (5) and (6), we have 

K„(x, £)= [” [ b K{x,z l )K(z x ,z 1 )K(z lt z i )K H ^(z it ^ i dz 1 dz l 

Ja Ja Ja 

Performing this operation successively, we have 


£„(*,?) = f l f.( KU,z i )KU<,z 1 )K(z.,,z i )K(z r _ ll c)dz„_ l . zlz.dz/iz, 

or .f K(x,Z l )K{z i ,Z 1 )K(z 2 ,Z 3 ).. 

K (* m -. 

(n -1) th order integral /f (z n _,, E,) dz n _,... tfe 3 Jz 2 
Similarly, we obtain 

'x 

K m ( X , Z )= ££ff K ( X ’ P J K ( P l’ P 2) K (P4’*P^ : W-Pm-l’ Z ) 


(m-l)th order integral 


\ \ \ 


and K ri _ m (z;fy = jJJJ^ ^Ug 2 ,q 3 ) . K(q n _ m _ x ,%) (10) 


' --; ' \ ^ 

(n-m-l)th order integral \ \ 


From the relations (9) and (10), we have 
J b K m (x,z)K„_ m (z,t)dz 


r -rrr .r K (*,/>,)^(p,.P 2 )^(P 2 > A. z )dp m . v -dp/p 2 dp, Idz 


(m-l)th order integral 


\ a . \ a K [ z A)K{%<h) . K {<ln-m-l’t>)dqn-mA . d q 2 dq x \dz 


|^(n-m-l)th order integral J 

OrJ ' K m (x,z)K n _ m (z,t)dz 

*a 

= r r r . r a » p 2 o m _i , w*, ?i )*%. & )-• 

•rfl .tfl «>fl Jfl 

''-~v- ' 

(/*—l)th order integral 

K(q n _ m _ l ,%)dq n _ mA ...dq 2 dq x dzdp m _ v ..dp 2 dp { (11) 

Now without changing the limits of integration, the variables of integration 
are changed as follows: 

P\ Pi Pl““Pm-\ Z 9l ?2 9i---q n -m-l 





























>1T3S< 


An ISO 9001 : 2008 Certified Institute 



Tut your Own States 


Thus we have 


J b K m (x,z)K n _ m (z,Z)dz-. 


j* j* r.£**(*> z ‘ ^ ’ z 2 )jfi:(z 2 ’ z 3 y- K ( z »-i ’ z -) 


(n-l)th order integral 


K i z m’ z m-i)---K(z n _ l , Q dz nA dz m ...dz 2 dz l 
Hence from the relations (9) and (12), we have 

K n ( X ’ Z )= £ K m 0, Z ) K n- m ( Z > t ) dz > « < « 

2,6 Solution of Fredholm’s Equation 




A function K(x, £,) reciprocal to K{ x, ^^ exists,w4ere^-(T, £>) is real and 
continuous in R, K(x, £,) d-0, f(x) is real and .continuous in /, f(x)£ 0 , 

then the Fredholm’s integral equation of second, kind'has one and only one 

continuous solution in the interval I, a<x %-b \--~- 

\ Ny^ 

Consider the Fredholm integral equation pTsecond kind as 

*x)-f(x) + rK<»MM J-nV- (1) 


Where the reciprocal function K(x, Qs&f^K (*,£,) is known. Let the 
equation (1) has a continuous 

solution <(>(;<:), then 

m=m+ J y&zMWz 

Multiplying by K(x,Q and integrating over the interval (a,b) , we have 

I y(x,tm)d4= \ b a k(x,t)mdt+ 

=* \ b a k{x,t)<KZ)dt= \ b a k{x,5)f{Qdt+ \ b ]K{x,Q + k{x,Q\<f,{Qdi; x 

=> o=f k(x,&md4+ f b K(x,^m^ 

Again £ k(x, %)<f>{i; x )d% { = -(♦(*)-/(*)) ; 
since ~\ b a K{x£). 4>(£) d\ = -f(x) <j)(x) 

=* ♦(*)=-(/(*) +/ft)(2) 

It follows that the integral equation (1) has a continuous solution and is 
given by the equation (2) which is unique. 


■ * 

: - .-.v i -V -< r v«. •' *Sr t K - :? y -*,<£. 

% ' :' ■• ,'f vlS 
m 

• , ■ ... 

> i) t ' T C C/ 

ttegpsiii 

pel * ■!§§ 

- ^vjCd.y-'h- 

.iV^,«S5Sanegs8 
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Vctterra’ 



Hence the solution of the integral equation is given by 
$(x) = F(x) + X \ b a R(x,Za)F(Z)dt 


rl/2 1 

or (j)(x) = x + 2 ^dB, = x + — = x + 


constant 


Example: Solve the integral equations 
<t >(x) = f(x) + l jV"fy(£)rf£ 

<j> (x) = 1 + X. |sin(x + %)<j>(l;)dl; 

Solution :(i) Here K { (x, c) = K(x, Q -e x ^ 

I v 'N 

or K 2 (j:, q) = J e x ~‘e'~*dt - e x ~^ . X'"\ x 

\ C '\ 

Proceeding in this way, we find that all the iterated kernels coincide with 


K(x,fy .Thus, the 
resolvent kernel becomes 


N \ \\ X 

Cv>- 
\ NX 


d 1 !), N 


r (x,Z > ;X) = K(x, Q(l + X + A. 2 + ...) = 


The resolvent kernel is an analytic functfon of h except at the point X = 1. 
which is a simple pole , 

\ ' 

of the kernel T. \ N '"“ 

Vx.^ 

The solution of the equation is given by 

(ii) Here K x (x, £,) = K(x, £,) = sin (x + 2,) 

etc 1 

or K 2 (x, %) = J Q sin(x + 1) sin(r + ^)dt =—n cos(x - 

7t rrr (^V 

or K 3 (x, £) = — I sin(x + 1) cos (t - £)dt = — sin(x + £) 

2 0 \2 

Proceeding in this way, we have 

■K a (x,Q= W cos(x-£), K s M)J^ ) sin (x + £,) 

K 6 (x, ^) = cos(x-£), K 7 (x, ?,)=(?-) sin(x + £). 

\2/ \2J 

The resolvent kernel R(x, ^; X) is given by 
J!(x^;l)=|;rX(^ 


R(x ,^; X) ^K l (x,Q+liq(x,Q+X%(x,^X%(x,^+X%(x,^+X 5 K 6 K(x,Q+... 


Put y<ntr 0%m Motes 




■mrnm 


-< ? pm 

-' s *s>r S'* 

■ kk r XN>J 

,*< ' "fA 
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or £(x,4;X) = sin(x + 4) j 1 + jy-- + y~j + j + 


Xn j (JLn'f (Ax')* 

T"*' ! + l T ) + T + - 


or R(x,t,]X)= sin(x + 4) + ^cos(x~4) jl+ ^yl +| yj +■ 


Xtt 1 

R(x, 4 ; A.) = sin(x + <f) + -—cos(x-4)-- 

i . Vte 


Provided — < 1 => |X| < — 
2 jr 


or R(x, 4; X)= ^ [2sin(x+^)T^co^^y|\ V'"" 

4-/Or L \ ' 

\ ^"sX 

Thus the solution of the integral equation is given by \ \ 

A \ , ‘ 




\ 

V \ 


t{x) = f{x) + x[*RM,W{£)dZ S 


\ 

\ 

V Y~. 


* W= 1 + 4 zhl>^ x + ^ 


(j)(jc) = l + 


4-/lV 


[-2 cos(x + 4) - T^sto(x - 4)]* 


2X 2 

=> <j)(x) = l+--p-^[2cosx + Xn sin jc] ; where |AJ< — 

4 — X 7i jc 

Example: Solve the non-homogeneous Fredholm integral equation of the 
second kind, by the method of successive approximations to the third order. 

(|>(x) = 2x + A. j o '(* + £)<! K4)d£, 400 = l 

Solution: The integral equation is given as 

<K*)-2x + ^] o I (x + ^(^, 4(x) = l (1) 

Consider <J)„ (x) denotes the nth order approximation then, we have 

^„{x) = 2x + X jy + 4M,~i(4)d4 (2) 

Substituting n = 1, 2, 3, 4.... in the equation (2), we have 
<h(x) = 2x+A. jy+4)4 (4)^4 ~2x+x JV+4M4 

or ^ (x) = 2x + X ^x 
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Also (J> 2 (jc) = 2jc + A J"^(x+ £)$(£)*/£ 
or iJ) 2 (x) = 2x + X Jj^x + ^j^ + A^ + ^J# 

or <J> 2 (jc) = 2jc + A, £(x + £) j~~A + £(2 +A)j</£ 


or <j> 2 (x) = 2x + A, x + — +X 2 x+- 
v 3 ) l 


and (S> 3 (x) = 2x + X £(x + ^)<j> 2 (J;)cU; 


or 4 . 3 (x) = 2 x + A J j l (x + ^)j 2 ^ + AK + jJ + X 1 U 


n'T^O' 


. V«v J 

V;.\ 


♦,W=2itl J/^ + f)|^+^T(iK41+‘)lM% 


or (j> 3 (x) = 2x + A, 


V v 

\ v\ 


ri (2A 7AM J2X 7A 2 „ V , l2 J Je 

J 0 x ^ _ 3 _ + _ i2 - J + ^["T + l2 _+i ^r + ^ + (2 + A + A )J ^ 


or^ 3 « = 2x + Jx4 + X 2 (l x+ y S^H x + l 

V ; l 3j 16 3K^ll2 8 


EXERCISE-2 

Find the resolvent kernel’s of the Volterra’s integral equations with the 
following kernels. 


(a.) K(x,t,) = 


(b.) K(x,£ > ) = 


\e x -t x>£ 
[O £>x 

2 + cosx 
2 + cos^ 


(c.) X(x^)=2-(x-^); X = 1 
(d.)K(x,$=2x; X = l 

Solve the Volterra’s integral equations by finding resolvent kernel 
(a.) <t>(*) = (cosx - x - 2) + J*(£ -x) <(>© dt, 

(b.) <H*) = 29 + 6x + JJ[5-6(x-^)]<|>(^ 

(c.) <Kx) = l + x 2 + j;^|-<|,(^ 

(d.) ♦W = 1 + fo 



***' >“r: '-'’Ah 

■*&* -i 

-€§'#|8|l||i 

1 " - 
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Solve the Volterra integral equations of second kind, by using the method of 
successive approximation. 

(a.) (t)(x) = x-| o (x-^)(i)(^)^ with <t> 0 (x) = 0 

(b.) *(*) = 1 + J> -1.) ${£,) dt, with <|> 0 (x) = 0 

(c.) 4>(x) = 1 + J* tj)(^) dt, with (j> 0 (x) = 0 

(d.) (j)(x) = l + x + | o ' C (x-^)(})(^) d\ with $ 0 (x) = 0 

Find the iterated kernels for the following kernels. 

(a.) K(x,£) = x + sin^ ; a =-n, b- n v \ 

\ \v. ^ 

(b.) K(x,Q = e x cost,; a-0, b-n 

Solve the following integral equations y 

(a.) <K*) = f|c* ~\xe x -~) + ~ 


(b.) (t»(x) = ^+{j o 1 x^©^ 



(c) <K*)= e* 


2 21 2 


\ V 


(d.) <j)(x) = l + k| o 1 (x + ^)())(^)i(^), 

\. 

Find the solution by using successive approximation to the third order. 


.'•.is 4 'Cii£ 


k' W$$ 

i 9H 

., 4 ; 


* 
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CHAPTER 3 


FREDHOLM INTEGRAL EQUATION 


3.1 


Fredholm Theorems 
Fredholm First Theorem 

The non-homogeneous Fredholm integral equation of second kind. 

l(x) = F[x) + X f a K(x,mt)dt, N 

Under the assumption that the function F’(x) and K (x, £,) are integrable 
has a unique solution, is of the form W, \ " 


V 

\ s 


<t»(x) = F(x) +1 £ R{x&X)F(£)d%, 

Where the resolvent kernel R is a'mermorphic function x of the parameter , 
being the ratio of two entire function of the parameter--^ 

R(x , X) = D(x, ^; X) / D(X), D(X) * 0 

Defined by Fredholm’s series of the form \ 


N 


\ 'V \ 

V X \ 


\ 


.j:j> 

m =1 • 


And 


fS v £~->%r 

Vn 






*D(* t f a ;X) = K(x,Z > ) + X 


(~xy 


ml 


r. 

Ja Ja Ja 


A A 
A A 


Hd£ 2 ....dt m 


These series converge for all values of X . In particular, the solution of the 
homogeneous integral equation is zero. Where 


K 


A A- 
A 


.FA 

ASm 

■A) 


m>A) . m,z m ) 

*(AA) K&A) . K(AA m ) 


K(tA) ML,A) . ML>A) 


and 

4<f, £.O 


K 


Hi A 


-L 


‘'S' • 

' - 44- 

•j. ■ 

- 


K(x,%) K(x,^) K(x,&). . M*,L) 

MLL KtfiA) K (LL) . MLD 

ma& *( 64 ) maA) . m 2 ,u 


k(la) mla) ml,d . ml,u 







SttSSI 

mtt 


§:/-x 


m 
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■■ 'X, i - -v, 


(a) Every zero of Fredholm function !)(!) is a pole of the resolvent kernel 
R^^;X) = D(^-,X)/D(X) 

The order of this pole is at most equal to the order of the zero of 
denominatorD(A,). 

(b) The zero’s of the function D(X) are called the eigen values of the 
kernel K(x, ^), since 

T)(0) = 1, therefore zero is never an eigen value. The set of all eigen 
values of this kernel is known the spectrum of the integral equation. 


Fredholm Second Theorem 


VO 


If X 0 is a zero of multiplicity m of the functioif '!)^!) , then the 
Homogeneous integral equation '-Ox 'X. 


= V \\ \ * 

Oxv- 

possesses atleast one, and at most m, linearly independent solutions 


i( x ) = D v 


X l > X 2 ’.> X i -1 ’ X ’ . . X v \ ^ 


\rv “OV: 

\ "N 

Sv. y \ 


not identically zero, and any other solution \>f this equation is a linear 
combination of these solutions. 

Fredholm’s Third Theorem 

For the non-homogeneous integral equation of second kind 
b(x) = f(x)+\ ^K(x,%)<KZ)d%, 

to possess a solution in the case D(X 0 )- 0, it is necessary and sufficient 
that the given function /(;c) be orthogonal to all the eigen solutions, 
\|/.(x), .i = l, 2,...,v of the associated homogeneous equation 
corresponding to the eigen value X 0 and forming the fundamental system. 

Example: Using Fredholm determinants, find the resolvent kernel of the 
following kernel. 

K{x, £) = xe 1, ; a = 0, b = 1 

Solution: Here B 0 (x, q) = K(x, £,) = xe** 


11 ’*> )»k(U) K &A) 1 Jo ^ ^ 


[ \K(x,Q K(x,Q K(x,£ 2 ) 
and B 2 {x^) = \[\\k{^) K(&,& K&&) d^ 2 

K&.4) m 2 a) k&a) 


mamm 


4 M VJV-: 

X;',,X , . , 

WaBBm 
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R x,t; v ,TW - = sinx- cos E. 

V ; D(X) 

Example: Find the resolvent kernel of the following kernel. 

K(x,Q = x- 2^; 0 <x < 1, 0<^<1 

Solution: Here ^ 0 (x,^) = C 0 K(x,fy =x-2£ > and C 0 = 1 

The further coefficients may be determined by using the recursive relations. 

BJxA)-C m K(x^)-rn\ b K(x,^)B m _^)d^ (1) 

and C m =B m _^\ x )d^ V . (2) 

\ ^*'\ \ 

For the relation (2), we have \>- v 

C, =f B&, =“ 

Ja J0 2 y v 

From the relation (1), we have , _ \~'v \\ 


Gwk Mates 


B i (x^) = C 1 K(x,i,)~llK{x^)B 0 {^)d^ V7"S^ 

> t ^ .. 

», (*. 0 =■“(* ■ -n) - lid- K )($ -^XvT 


or B { (x, £) = -x~£+ 2x% + - 


Also C 2 =J o '^+2^+|j 

And Bl {x,Z) = ^-2H(x- 2^)(-^-^+2^+fld^0 


=>C 3 =C 4 =.= 0,and 5 3 (x,^) = 5 4 (x,4) =.= 0 

1 f 1 ■> 

Hence AT(x, 4) C m = 1 + + - A 2 . 

2 V6J 

And D(x, £ ;Xj = k(x,f)+ 


or Z>(;t, £; X) = x-2^ + ^x + ^-2x^-— JX 
Thus the resolvent kernel is given by 

R(x,za)= D{ — ;X) - 

K } D(X) 


otR{x,^\X)=- 


x-2g + X x + ^-2x4~: 

TJTJVi 


1 + -X + -JL 
2 6 
























Example: Solve the following integral equation. 


$(x) = e x +xf o 2e x e^ 

Solution: ^(x)^ 1 + ’k^2e x e l ’§({,) 

Here K[x,^) = 2e x e^, f[x) = e x 

The resolvent kernel of the kernel K (x, is obtained as 

WJD-Z&S&- ^ 

D{X) 1 - (e 2 - 1)A 


Thus the solution of the integral equation is given by 


<Kx) = e I + 7 


l-(e-l)A 




♦ (xW + —^--(<■")' \ 

V J l-(e 2 -l)A 2 [ '« 


, \ "V*, 

,5>-> 
\ \ 
v \ 


S \ "'*> 

\ N 


♦(*)=< 


A(e 2 -l)e x 
l-(e 2 - 1)T 


\ \v 

' V x 

\ 

XV 


,0^--. 

Fredholm’s Associated Equation \ v ''“ 

Consider the non-homogeneous Fredholm integral equation of second kind. 

<t>(x) = f(x) + lj*K( X ,{m)df ( 1 ) 

By permuting the variables x and £, in the kernel K(x, ^), we obtain a new 
kernel K (%, x), in general, different from the first. The corresponding 
Fredholm equation. 

<|,(r) = g(r)+lf^ 1 i)f(M (2) 

is said to be Fredholm associated equation with equation (1). Since D(X) 
and Z)(x, £,; X) are the Fredholm first and second series of the equation (1) 
then £>(>.) and D(x, ^;A.) are the Fredholm series of the associated 
equation (2). The kernels of the equations (1) and (2) have the same eigen 
values as zeroes of the first Fredholm series D(X) .Thus if 

R(x,$-,X) = D{x,$;X)/D{X) 
is a resolvent kernel equation (1), then 
R(t„x;\) = D{$,x-,X)ID(k) 

is a resolvent kernel of the associated equation (2), whose solution is given 
by 



28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT n New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734,8588844789 
E-mail: info(S}diosacademv.cora; Website: www.dipsacademy.com 


















V(x) = g{x) + X{D£&X )/ D(X)} g© rffj 

WhereD(A.)*0 

/ \ 

*1. *2> *. 

again, If D„ ;A 

.,£ , 

is a minor of order n of Fredholm equation (1), then 

%& .' 

A, 

*P*2. X n , 


SHft yotir 0>m Motes 


NS. \ 

X, 


is a minor of the same order of the associated equation. Thus the following 
equation is satisfied , \’\ 


*p x,,. 




Ap£>6-1>*>6 + P. 


' \ A 
\K^' 


b *19 X 2’ . X n \ X,v^, 

= ?. 0 jV(M)A ^ (4) 

’ ^2’£i-\’ S ’ < ?i +p. 

\ X 

Hence for fixed XpX 2 ,....,x n and the"function 

' f \ 

X P X 2’. X it 

V,(*) = A (5) 

^1.Ap^A+P.^ 

is a characteristic solution of the homogeneous associated equation 

y/(x) = ^K{s,x)y/{x)ds (6) 

Thus \j/,(x),\j/ 2 (x),., vg v (x) are the v characteristic solutions of the 

associated equation 

corresponding to the eigen value A, 0 , which may be written as 


¥,(*) = - 


, >.^i-l ’ X ’ ^i+l >.> 


-J ■£, * 7, *7 x, . 4."., %>. : gggf$.« 

- - ‘ ij 

f&J! 

-'A 

(7) 


A A 0 : 

.4-p^, + p.A J . B 

the denominator is non-singular in nature. j 

. ■. . - ifi! 

Substituting x in v different places in the lower sequence of the relation gfS 


(7), the fundamental 


U; tf.&e&fcs-i,*' *F&. 
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System of v characteristic solutions. 

v|/, (x),v|/ 2 (x),., v|/ v (x)of the associated equation is obtained which are 

linearly independent .Every solution of the 

associated homogeneous equation is a linear combination of solutions. 

Example: Characteristic solutions, corresponding to distinct characteristic 
values of Fredholm’s 

integral equation and its associate equation, are orthogonal. 

Since <j)(x) be a characteristic solution of the homogeneous equation 


Solution: <|)(;t) = X 0 J 

corresponding to a characteristic value X 0 . 


y 

V -*s- ' 

\ \ "‘Y. 




Tut yemr Own Hates 


Let \|/(x) be a characteristic solution of the associated •equation 

\j/(x) = X, \ b \ (2) 

, \ M 

corresponding to a characteristic value X, \yhere. X 0 Y^T 

\ % '''V— 

Multiplying (1) by X^x) and (2) by ' X^i^)- ;- integrating and then 
subtracting, we have 

(X, -X 0 ) £ §(x)\\i(x)dx = X 0 X, V '£ |Y( x ,^) vW<t >&d^dx -X 0 X, 

\ b \ b K(^,x)^(^)</>(x)d^ dx = 0 

Ja«a 

upon interchanging x and Z ,, the second integral is identical to the first one 
.Thus 

rb 

4>(jc)\{/(cc)<abc = 0, X. ^ X 0 

J a 

=> That the characteristic solutions, corresponding to distinct characteristic 
values of Fredholm, 

Integral and its associate equation, are orthogonal. 

Fundamental Functions 

Let D(X) is the Fredholm’s determinant for the kernel K(x, £,) and 
Z)(X 0 ) = 0 , then X is said to be characteristic constant of the kernel. 
Suppose<j)(v) t 0, and is continuous in an interval (a,b). 

Then <j>(x) is called a fundamental function of the kernel K(x, Z,) 
corresponding to the characteristic constant X 0 . 
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i retirunm integral cuju;muii 


Let the solution ^(x), <j> 2 (x),.(x) which is expressible linearly 
constitute a complete system of fundamental function of the kernel K (x, £,) 
relating to L 0 . Thus, if v|/,,v|/ 2 ...,v|/ n are any other n solutions, we have 

Vl ~ f-'ll 4*1 - 

V2 +C 22 $2 + ••••+0>A 


Vb - C„! + C„2 ^ + . + C m> < h> 


c c c 

°I! ^12.°In 

c c c 

°21 °22.°2 n 


■ - 

\\ X 




K c„ 2.c, 


Hence vp^,vp 2 ...,form a complete system, of fundamental functions 
corresponding to X 0 . 


Integral Equations with Degenerate Kernels_ 

The kernel K(x, £,) of Fredholm integral ^equation of the second kind is 
called degenerate (or separable) if it ban blLexpressed as the sum of finite 
number of terms, each of which is the pro&teLof a function of x alone and a 
function of i; alone i.e., if it is of the form. 

K(x,f) = £a v (x)b v (£) (1) 

V—1 

There is no loss in generality if we assume that n functions a v (x) and 
b v (E,) are linearly independent and continuous in the basic square 
a < x, ^<b with (1) as its kernel, the Fredholm integral equation of second 
kind 

^(x) = F’(x) + Aj b a K(x,Z)mdZ (2) 


Reduces to ^(x) = F(x) + ^Ta v (x)b v (£) 4>(g)d£ 

L v=i 

or 0(x) = F(x) + A ]Ta v (x) &{?)*&*£ 

V=I 

Assuming 

C v =\ b b v tf)mdS, (v = l, 2,...,n) 

Substituting the relation (4) in the equation (3), we have 




i tit 


MS 


X&Xi&L. I- 

- 

ix.ijsr l - - • - - 1 <:■ • - 

% ' % h - ’ /' i t 

... - . ■ - 
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' ■ ’■ - f "’^ilL 

FredhblrnTntegralEqu: 



^(x) = F(x) + /l^]C v a l .(x) (5) 

V—i 

Where C v are unknown constants as the function <j>(x) is unknown. Thus 
the equation (5) is the form of the required solution of the integral equation 
( 2 ). 

Multiplying both the sides of (5) successively by 6, (x) ,b 2 (x),... ,b n (x) 
and integrating over the interval (a,b) we have, 

£ b x {x)<j>(x)dx= j^b l (x)F(x)dx + X £i,(x) ^C v a v (x)t/x 

V =1 \ 

\\ (x) <f>{x)dx - J*4 (x)F(x)dx + X J* b 2 (x) £ 


|*4(x) ^(x)r& = |*4(x)F(x)r& W J*4(>)^C^(i)^ 


\ \ \ 
X '■ 


Introducing the notation X \ '• l 

b b 

a -v = f '= f 'K { X ) F {?\dX\. N ( ? ) 

The system of equations (6) reduce to » ! 

(1 —X<x u )C, — Xa l2 C 2 — Xa I3 C 3 —... — Xhq C n Xpff- 
—Xct 2i C l + (1 — Xa 22 )C 2 — Xa 23 C 3 —.. .. — X(x 2n C n = (J 2 

—Xa nI C| — Xa n2 C 2 — Xa n3 C 3 -... + (1 — Xa nn )C n = J3 n (8) 

Equation (8) represent the linear algebraic system of n non-homogeneous 
equations for then unknowns. The determinant D(X) of the system is 


°w= 


1 -Xa u 

-Xa n . 

... -Xa ln 

-Xa 21 

\-Xa 22 ... 

i 

. » 
a 

~^ U n\ 

(S 

. if 
: X 
: 1 

l-Xa 

nn 


Which is a polynomial in X of degree at most n . The determinant D (X) ^ 0, 
since, when X = 0, it reduces to unity. 

The system (8) may be written in the matrix notation as 
(I-XA)C = p 

Where / is the unit matrix of order n and A is the matrix [ a.. \ .The set 

of equations possesses a unique solution for the C’s which is obtained from 
Cramer’s rule if and only if the determinant Z)(X) of the coefficients of the 

C’s is non-singular in nature ,i.e. D(X) * 0 
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1 -Aa u .. 

Pi 

^ a ik+ 1 — 


c- 1 

-Aa n . 

..-Ki A 

~^ a 2k+ 

...~Aa ln 

D{X) 

. 


~ ^ a nk+ 1 "” 

...1 -Ta 

fin 


If the function F(x) = 0, the integral equation reduces to the homogeneous 
equation, and is obviously satisfied by the trivial solution <j>(x) = 0 , 
corresponding to the trivial solution C t = C 2 ~...C n =0 of (8) . However, if 
|/-k^| = 0, at least one of the C ‘s can be assigned arbitrarily and the 

remaining C’s can be determined accordingly. In such cases, infinitely many 
solutions of the integral equation exist. 

. , V \v) 

Those values of the parameter X for which D(A,J = 0 areealledeigen^values 

or characteristic numbers of the homogeneous cquatio v n“and^evqry non-trivial 
solution of the homogeneous integral equation is catlqd-an eigen function or 
characteristic function corresponding to the eigen valqe /."> If K of the 
constant C,,C 2 ,...,C„ can be assighed'TrbitrardyMor\a given characteristic 
value of X , then K linearly independent.^ co'rre^ppnding characteristic 
functions are obtained. \ \ \ 

•''-v Nn—/ 

If the function F(x)#0 but is orth^gbnalNto all the functions 
b x (x), b 2 (x), ...b n (x) then the equation t?) sh^wgjhat the right hand side 
of (8) again vanish, and the trivial solutionX^-Cf, =.... = C n = 0 lead to the 
solution <j> = F(x) .Thus the solutioh.ccOTesponding to eighevalue X are 
expressed as the sum of F(x) and arbitrary multiples of eigen functions. 

If at least one of the members on R.H.S. of (8) does not vanish then a 
unique non-trivial solution exists, when the determinant D(X) = 0 , the 

system of equations (8) are either incompatible and no solution exists or 
they are redundant, and infinitely many solutions exist. 

Example: Solve the following integral equation 

i 

^(x) = x + /lj (xcos£ + £ 2 sinx + cosxsin£) cU; 

Solution: <f>(x) = x + /lj (xcos£ + £ 2 sinx + cosxsin l;) </>(£) 

Writing the integral equation in the following from: 

^(x) = x + l|"xf cos£^(£)</£ + sinx[ <j>{£,)cU; + cos x f (1) 


<!>(x\ = x +1 xf cos b,(f>(^)dc, + sin x f ^ l ip{^)d^ + cosxf sin ^<j>{^)d^ (1) 

' J —tc J -n J ~n 

or <j>(x) = x + l[C,x+C 2 sinx + C 3 cosx], 

WhereC, = f cos<f d£, C 2 = f d& 

d-rt J-k 

C,=\* sintmcU; (2) 

a—n 

Substituting expression (1) into (2), we obtain 

C, = J cos4[4 + Ci^ + C 2 ^sin£+C 3 A.cos%]d£ 




IfipiliBl 
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or C 2 = j"^ 2 [5 + C,A^ + C 2 Xsin£, + C 3 X cos £] d% 

orC 3 =| sin^f^ + Cj^ + CjXsin^+Cj^cos^jflffi, 

or C, 1-Aj E,co%E, dt; -C 2 Xj sin£cos£d£-C 3 A J cos 2 £c/£ = 

f tcos^dt 

J-n 

Or -CaP^ + C 2 |"l-^P -CU.P £ 2 cos£rfl; = 

J-Jt J -7T J-Jl J -7T 

Or -CAf' ^sin^d^-C 2 X f' sin 2 £ ^ + C 3 f' |"l- tP-Cos£ sin£= 

J-/r J-;r J-jt \ i-it N '\ \ 



By evaluating the integrals, we obtain a system of algebraic equations 

C, + OC, - A. 71 C, = 0 V"--. 

V —\ \ \ ' 

C, + C 2 + 4XnC, = 0 XXv. ' 

-2XnC. - XnC 2 + C 3 = 2n _ \ ' ''■ \ 

. \v— 

The determinant of this system is \ V. 


D(X)= 0 


-2 Xn - Xn 


tern is \ “v ^ 

-Xn vr xO 

4Xn =1+2 

1 \ 


Thus the system (3) has a unique solution.' 


c _ 2A;r 2 

1 1 + 2AV 


V’^ 1 + 2TV’ C3 1 + 2AV 


Substituting the value of C,,C 2 and C 3 in (1), we obtain the solution of 
given integral equation as 


follows 


<fi(x) = ; 


1+2AV 


\Xnx- 4A;rsin;c + cos;t] 


Example: Solve the following integral equation 
l #(x)=jc+aJ (l + sinxsin£) <i£ 

Solution: (f>{x j-x + Aj^ (l + sinxsin ^)<f>{^)d^ 
Writing the integral equation in the following form 
<zi(x)=x + /l^ o ’ r fi(^)^+sinxJ o ' r sin^^)^ 
or 4>(x) = x + A. [C[ + C 2 sinx] 

Where C, C 2 = [sm£ <f(f)df 

Substituting expression (1) into (2), we have 


: >WS, l@8§ 


81B18II 
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Fredholm integral 


C[ = J (£ + 1C, + /IC 2 sin£)tf£ 

C, =| o sin^ + zlC, +ilC 2 sin^)J^ 

Or C^-A^d^ 

Or -C, /tjjsin^ </£ + cj 1 - Aj'sin 1 ^] = J^sin^ ^ 


By evaluating the integrals, we obtain a system of algebraic equations. 

ji 1 

(1 - Xn)C x - 2AC 2 = — 


-2^C,+ 1-C 2 = ;r 

V 2 y 


X x>. 


The determinant of this system (3) is given by Vy 
\-Xn -2A , W \ \ 

/U =(l-Ax) 1 — J + 4/l 2 ^0 
~ 2X ~T v 2 / \ \\ 

The system (3) has a unique solution \ \ 

\ 

n 1 ( Ax} y~' XX--'—- 

2A^ + — 1- \ \ 

r = _ 2 ^ 2 J \V 

1 n 2 \(, 'M ,02 OOs 

(1-^)1 1- — J-4A \ 


\o 

\ V 

, V V 

cO*~ 

\ V'~ 


2Aft + — fl- —) „ ., , 

,/ \ ' 2 l 2 J ^(l-2>lyr) 

^(jc)-jc + /1 TT\ + 7 1 

(l-l/r) 1-— -4A 2 (I-Att) 1-— -4A 2 
\ 2 ) \ 2 ) 


<j>{x) = x + 


Q2?.Tt+ 'An 2 (I-V 2 A,ic)| + tt( 1-2 Xrc)sin xj 
Example: Solve the integral equation 

<K*H+J‘(l + e* + f)t{4)dt 

Solution: = 1 + J (l + e x+s ] </>(<!;) cU; 

or f(x) = 1 +1 *f({)d£ + e? jV <t>(£)dt; 


( 2ir\ 

(l-Aft) 1- — -4A 2 

l 2 j 


TutyourOmt 


_ yr(l - 2 Aft) 

(\-Aft)[\-^-AA J 

Substituting the values of C, and C 2 in (1), we obtain the solution of the 
integral equation as 
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or <}>(x) = 1 + C, + C 2 e x . (2) 

where C, = and C 2 = j Q 2 ${£;')dt; (3) 

From the equation (2), the relation (3) reduces to 
C, = J‘(l + C, + C 2 e 6 )d^ => C, = 1 + C, + C 2 (e -1) 

and C 2 =jV(l + C,+C 2 eV^ 

=> c 2 = (1 + c, )(e -1) + Z 2 C 2 ( e 2 - 1) 

^C 2 =-^and C 1 (e-l) = C 2 -(e~-l)-ic 2 (, 2 -l] - , 

\< x. V \^'--v 

°r C x {e- l) = -^-( e - 1 ) + I( e + 1 ) = -^-I(^)^^. 

^ J. 2* ^ J. ^ \ v ' ^ '*• 

e 2 - 4e + 5 

or C, = ———Substituting the value of C 1; ^nd\G 2 > n equation (2), 
we have, . 


e -4e +5 1 


TutycwrOwn 


\ \v 


4>(*) = i- 2 ~~ 7 ——\ g * .V V 

2(e-l) 2 («-l) 

3 r ^ W= (^W)fl \ V" 

V ’ 2(e-]) 2 > 


V j 2(e ~ l) 2 ‘. s 

\ \ 

Example: Prove that the integral equation ' \ 

j 

does not have real characteristic numbers and characteristic functions. 
Solutions: <f>{x) = z\j(x)jj^)d^ - x\'^^)d^\ 

or^(x) = /ij^Cj^/Oc) -C 2 xj 

Where C, and C 2 

Using the relation (I) into (2), we obtain 

c ^i^{ c M~ c A 

AndC 2 =\\^(C l Jt,-C£)dt 1 
or [l-Xj‘e 2 ^]c i + [xj o 1 ^ 2 ^]c 2 =0 
and[-A,J‘ £, jc, + fl-t-X^ 3 ' 2 d\ C 2 = 0 


2X 1 /l 
1-— C.+-C 2 =0 
5 J 1 3 2 


--C,+ [l + —|C 2 =0 
2 1 l 5 J 2 
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The determinant of the system is given by 


D(X) = 


2X 

5 


Put y&var Otim.iN’otis 


3 = 1+ -T 

2A 150 


This does not vanish for real A, so from (3), we obtain 
C, = 0 and C 2 = 0 

=> That the algebraic equations contain only one solution for all real A, i.e., 
the trivial solution 

ij>(x) = 0, therefore the integral equation does not have real characteristic 
numbers of characteristic functions. ' " \ 

EXERCISE (3) \\ 

Using Fredholm determinants, find the resolvent kefnel. of.The followng 
kernels. , 

(a) K(x,t,) = 2x-£, ; 0<x<l, 0<^<1 

(b) K(x,^ = x%-x^ 2 ; 0<jc< 1, " 

(c) Al(x,^) = sinx-sin^ ; 0<x<2rt ; 0 <^<" 25 t \\ 

(d) K(x, 4) = 1 + 3x1;; 0<x<l, 0<£,<1 

Solve the following integral equations , \. 

(a) <()(x) = sec 2 x + Aj <j>(E,)rfl; , ‘ 

\ X 

(b) <t>(x) = e* + A f\l; <t>(0^ \v^;r 

(c) (J>(x) = sinx + Aj x(j)(<^)r/^ 

Solve the following integral equations. 

(a) (|>(x) = cosx + a£ sinx<|>(f;)dl; 

n 

2 

(b) 4>(oc) = (2 jc — tc) + 4jsin 2 x<j>(^)cf^ 

o 

(c) <j)(x) = x+A|(l + x + ^) 

0 

(d) 4>(x) = *+A{' 0 W+* 2 $)<K$K 








(e) <()(x)-(-j(l- 4x) + A £ (x log 1; - log x) <|>(l;) <#; 

Determine the eigen values and eigen function for the following 
homogeneous equations with dgenerate kernels. 

(a) 4* (x) = A j* ^(5x£, 2 +4x 2 E, + 3x%) <(>(1;) dt, 

(b) <j>(x) = Aj o 1 (2x^-4x 2 )<),(^)^ 

(C) *(b=Xrf 0 ‘2*H(i m 




m m mm 
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CHAPTER 4 


HILBERT SCHMIDT THEORY 


Definition 

The theory of Hilbert and Schmidt dealt with real symmetric kernels 
satisfying the conditions. 

K(x t %) =K£,x) 

\ 

The more general case of Hermitian kernels v are' vdefined as 

K(x,£) =K(t„x ), Where K(x,%) is not necessarily real. X"'...... 

. \ \ \ \ 

Thus the kernel K (x, £,) of a Fredholm integral equation'of.the'second kind. 


■Put ymsrOwn(Nbtes 


4>(^) =F{*) \^' x 

\ \ 

is called symmetric (or Hermitian) if it is identical io the kernel of the 
associated equation ,i.e., if K(x, £,) = K(^, 

\ No¬ 

where K(^,x) denotes the complex conjugate. The integral operator 

b \ 

AT = J K(x,fyd£, is Hermitian or self adjoint;since it satisfies the condition 

\ \ '>-y, 'J 

(AT4>,vp) = (4>, ATvp) for all <j>,i|/ belonging to “the Hilbert space of L 
function. 

=>(A>,v|/) = (v4/,ATvp) =yl(K\ |/,\p) 

A Hermitian kernel which is square integral is called a Hilbert Schmidt 
kernel K(x,t,). 

Theorem 

All iterated kernels of a symmetric kernel are also symmetric. 

Proof: The iterated kernel is defined as A) (*,£,) = K(x,£), 

or K 2 (x,^) =| K(x,z}K x {z,Qdz=>^ A(x,z).A(z,y)cfz 
K 2 £,x) = f a K(£,z)K(z,x)dz 

The recursion relation gives K n (x,£,) K x (x,z) A n _j(z,£,)Jz 
=> K n+m (*.5) = [^ A„_ (x,z)K m (z£)dz 

or K n ^x) = \ b a \ b a K^z x )K(z„z 2 ) ...K{z n _ x ,x)dz x ,dz 2 ....dz n _ x 
= \ b a \ b a K(z x ,^)K{z 2 ,z x )...K{x,z n _ x ) dz x dz 2 ...dz n _ x 




„ , - “ 

S t&c-rw - t 

. 'V . ,i V' 3' ‘‘ . S 

/ M <■ 
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Since K{x,^) is symmetric, it reduces to 

f b rb , 


= \ a \ a K (*« Z n-1 )--- K { z 2> z l) K(z l ,^)dz l dz 2 . ..dz n _ v . 


Substituting z n _ l ,z n _ 2 ,....z 2 ,z [ for z l ,z 2 ,...z n _ 2 ,z n _ l , we have 
K n - x ) = f a \ b a K (x,: z,) K (z,, z 2 )..... K(z n _ x , Qdz x dz 2 ,...dz n _ x . 
or K n £,x) =K n (x,x) 

Thus the kernel K n is also symmetric .Hence, by induction ,we conclude 
that every iterated kernel of a symmetric kernel is symmetric. 

The above relation implies that K n {x,x) - K n (r,x') .and thcrefore the 
function K n [x,x) are real. 


3. Orthogonality 


, V" 

~N 


i. _^ \V'x\ 

Two functions 4> t (jc) and 4> 2 (jc) cohtinuous'On.an'inferval (a,b) are said to 

be orthogonal if. 

(<f>i,<t>2) (*)*** = 0 

Theorem 



^ .-Inu* 


If K(x,Q is symmetric and <j) m (r) ate fundamental functions of 

\ v 

K(x,t) for X m and X n respectively then <J> m (jc) and<j>„(r) are 

orthogonal on an interval ( a,b ) i.e. J 6 <j> ;n (jt)<j> n (jc)<&; = 0 

Proof: Let 4> m (jc) and <j>„ (jc) be the eigen functions corresponding to two 
eigenvalues X, m andh„ 

Respectively, of the homogeneous Fredholm integral equation. 

<K*) ^\ b a K( X ,i)md^ ' (i) 

and the kernel K(x,fy is symmetric so that 

K(x£) =K(t,x) (2) 

We notice that A, = 0 cannot be an eigen value since it gives the trivial 
solution <j>(jc) = 0. The function <j> m (r) and<J> n (jc) must satisfy the integral 
equation (1), then 


4 \{x)=X n \ b a K{x,^ n ^ 


(3) 

(4) 


Multiplying (3) by (}>„(*) both the sides and integrating with regard to jc 
over an interval (a,b). 





1 xj-V 

v . X. .... . ■'/T 

■''■Si:, 

W-': : 

SpMpigg 

T-V'f-’ x -v i“.-r -v-f;- 

. • , v ’r• '• ••;; X.vj;• * 
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f a 't> m W ( t ) /«W^ = ^mJ a <t>« (*) \\ a K{x£)$m{t>) di > J* changing the order Tut Vmr O^m ^Mes 


of integration on R.H.S. we have 


Since the kernel K(x,'t) is symmetric, thus rewriting the inner integral on 
the R.H.S. in the form 


J’j'L { x ) dx = K\ a ‘I'm©(J a {x)d*y% 

By interchanging the variables x and £, in (4), we have 

W._ 

4>„G) - X n J* x)<|>„ (x)dx^ J* K &x)<f>„ (x) dx = 

X *x._ \ 

V '"'“v 

Using the relation (6), the equation (5) reduces to 

(*)<!>„ (*)<& = \\ \ 


( X m 
or 1 —*- 
X„ 


J a V, (*)<!>„ (*)^ = 0 


- 



rb \ 

or \ a X ( x)dx = 0, since X m * X n \ \ " (7) 

Thus the conclusion that if <j> m (x) and are eigen functions of (1) 

corresponding to distinct eigen values then*<fi^-(-x) and <j> n (x) are orthogonal 
over the interval ( a,b ) . 

Theorem 

The eigen values of a symmetric kernel are real. 

Proof: Let X m = a + i‘P(P ^0) is a complex eigen value corresponding to an 
eigen function <j> m (x) =\^ + i\ g 2 then the complex conjugate number 
X m = a — ip must be an eigen value corresponding to the eigen function 
4 (*) = Yi -»V2 • Thus by replacing X n by X m and <f>„ (x) by (x) 
in (7), if follows that 

WiW^= 0 

(a + ip - a + /p)| fc (vgj + iv|f 2 ) (vj?i ~ ^2 )^ x — 0 
( 2 »P)f*(YiVi+V2V2) A = 0 
or ( 2 *P)J* (vRi + vl = 0 

Since (|> m (x) * 0, so the integral cannot vanish. Thus the imaginary part of 
X m must vanish , i.e., p = 0. Hence the eigen values of a symmetric kernel 
are real. 


* ' %. V 





mtim. 
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Theorem 

If K(x,Q is real and symmetric continuous and identically not equal to zero 
then all of the characteristic constants are real. 

Proof: Let the characteristic constant A, 0 is not real, then 
X 0 = H 0 +i ' v o> v o 

The homogeneous integral equation 

<K x ) 


“(*) = (Ho +iV o)J*^( x >5M5)^ 


V ' 


1=0 

X 

(1) 

■ - 

y"x \ 

t ‘v x s N 

considering ^(x) asTeal. 

... (2) 

, 

- - \\ 

(3) 

\y~ 



(4) 

\ \ 


x ' 



«(*) ~ M-o J *£>) u (£>) d ^ 

0 = v 0 J b a K{x,^)um^ 

From (4), we get 
\ b K(x,L)u(Q dl= 0 since v n ^0 

Ja 

Thus, we have 
u(x)sO 

Which is contrary to our assumption!/(x) = 0. Hence u (x) cannot be real 
Let w(x) = p(x) + iq(x), where p(x) and #(x) are real. 

From the equation (2), we obtain 

P{x)+ ig(jt) = (Mo +iv 0 )\ b a K(x,Qu(Qd£ (5) 

Separating into real and imaginary parts, we have 

p(x) = p,\ b a K{x^) P (^ - v 0 \ b a K{x&) q(f)d^ (6) 

q{x) = p 0 \ b a K(x,Q q(S)d% - v 0 JV(x,^(M (7) 

Multiplying (7) both the sides with -i, and adding it to (6), we get 
p(x)-! 9 (x) = (q 0 -iv 0 )jV(x,^) 

Thus p{x)-iq[x) {= « (x)} is also a fundamental function of K(x,t) 
relating to L 0 = q 0 - !v 0 Since L 0 ^ X 0 then by orthogonal property, we 
have 

J* u{x)u{x)dx- 0 


£ fH |§J111 ftl 


■- a asss 
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or | |^p 2 (x) + q 1 ( y x) dx- 0 

But p(x) and q{x) are real functions. Therefore 

P 2 {x ) +q 2 (x ) = 0=>/?(x) = 0,?(x)s0. 

So n(x)sO which is also contrary to our assumption. Therefore A, 0 cannot 
be of the form A, 0 - p 0 + iv 0 (v 0 ^ 0 ) and hence A. 0 must be real. 

4.4. Schmidt’s solution of the non-homogeneous integral equation 
(when X is not a characteristic constant). 

V '\ \ 

Consider a non-homogeneous Fredholm integral equation of second kind as 


<►(*) = F(x) +x\ a K{x,m^ 'OX. 

let <j>(x) be a continuous solution of (1), then 

y -—\ ■- 

, ‘ ^ \ ' ■ 

<t)(x)-F(x) =£ K(x£) = v(x) (say)xX^- (2) 

\ ^ \ 

If the equation (1) possesses continuous 'solution^*) then the function 


[<j>(x)-F(x)] is generated by (2), which-cand^j-epresented by a linear 
combination of the normalized characteristibfunctions (x) of the form 

4>(x) -F(x) = 2a„\\i n (x),a<x<b X^"" (3) 




or a n =C n —f n , 


Where C n = J*4>(x)v„ (x)dx,f n =jX(x)\(/ (x)dx (5) 

Multiplying (1) by \|/ n (x) and integrating with regard to x over (a,b), we 


\ a <K*) V B {x)dx = F(x)v n (x)dx +X,J fl (*)<& jj a K{x&)§(l)d^ dx 
By changing the order of integration of the second term on R.H.S, we have 

c.=/„+xj‘*©{l‘x(^Kw*jrf5 ^ m 

or C,=/„ + F|‘<KOv,m 

" .... 


or c.=/.+Fj‘<t,©v.(5V5 


or C„=/„+—C„=>C„ = —*-r /. 

K n \ K n ~ K ) 
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,«i4£' gp 


1 


From (4) and (6) we have 


-A- -/= -*-/ 

K-V U„-^J 


Thus the required solution of the integral equation (1) is given by (3), 
determined as 


4>( x ) - F ( x )- =X Z^tVi.( x ) 

n=\ K n A - 


or *(jc)=F(jc) + X^—s—.V B (x) 


ZK-1 


Where X*X n ,f n is defined by the relation (6) and \)/ n c (a)^ arc the 

characteristic functions of the corresponding homogeneous integral equation 
of (1). The series on the R.H.S. of formula (8) converges^absolutely and ' 
uniformly in the square a<x,^<b , The solution '{8).exisfs'uniquely of X 

V --s. \\. 


does not take a characteristic valueTTf''3^=X\' S where X m is the mth 


characteristic number, the solution (8) does notexi^unless also f m = 0, 
i.e., unless F(x) is orthogonal to the corresponding characteristic function. 


But if X-X m and f m =0, the relation (6) reduces do a trivial identity .It 
follows that the coefficient of ij/ n (x) 'in (8)'■qfe 'arbitrary hence posses 
infinitely distinct many solutions. If^'tak^-a. characteristic value and 
F(x) is not orthogonal to the correspondmg-qharacteristic function then no 


solution exists. 

On the other hand, if the parameter X coincides with one of the 
characteristic number, say X = X m , of index q, then the equation(l) will 
not contain any solutions .The solution exist iff the m conditions are 
satisfied 




{x)dx= 0 , (m= 1,2,3 ...,q) (9) 

It follows that the function F’(x) is orthogonal to all characteristic function 
belonging to the characteristic number X m .The equation (1) has an infinite 
solutions which contain arbitrary constants and are given by 

iix) = F(x)+X £ v„(x)+C I v 1 / I (x) + C 2 vi/ 2 (x) + ... + C q \f q (x) (1) 

n=q+\ 

Where C l ,C 2 ,---C q are arbitrary constants. 

Example: Solve the integral equation 

4»(x) =e x + x\ b a K{x&md% 

sinhxsinh(^-l) 

Where K(x,^) = ' s * n ^ 

V sinh^sinh(x-l) 

sinhl 
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mm 


Solution: Consider the homogeneous integral equation in the form 






X sinh* rl . 


sinhl J ° 


sinhl J * 


J sinAtfj- 1)<K« (1) 

Jx 


Differentiating (1), two times, with regard to x, we have 


♦ '(*) = 

lcoshfr-1) r« 

sinhl J 0 ^ 


A.sinh(;c - 1) . . ., N X cosh xri . , , r 

+----sinhx<J>(jc)+- sinh(E-l) 

sinhl n ’ sinhl J * ’ 


HjfllH 

"gra 


¥£&$- XSlt f 1 JC ' s in^(^)<(>(^) 

sinhl 








X cosh x sinA (jc — l)<j>(x). 
sinhl v K ’■ 


or ({("(x) = <j>(x)+——(cosA(x- l) sih&x^cosftxsin/i(x-l)} 
sinhl 1 ’ 

or <F(x) = +( x ) + “^siiiA[jc(x-l)] 

or <j>"(jc) = <{>(jt:)+A. <J)(jr) 

or 4>"(jr) — (A. +1) 4 >( JC ) = 0 (2) 

From (1), we have 

<|,(0) = 0, <1,(1) = 0 (3) 

The required function <j»(x) is a solution of the non-homogeneous boundary 
value problem (2) together with (3). 

Case I: If X + 1=0,=^> X = -l, then equation (2) takes the form <j>"(x)= 0, 

Whose solution is given by <|>(x) = Ax + B (4) 

From (3) and (4), we have 
B= 0 and A + B= 0 => A = 0 

Thus we have <j>(x)sO which is not an eigen function. Hence X = -l is not 
an Eigen value. 

Case II: X +1 > 0, then equation (2) takes the form 
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<J>"(x)-(X + l)<j)(x) = 0 
Whose general solution is given by 


(j)l x) = A ( 


(X + l)x + B sin/j J(X.+ l)x 


From the boundary condition (3), we have 
A = 0 and Acoshyj{X + \) + B sin h yj(X +1) = 0 
or =>^ = 0,5 = 0 
Thus, we have 4>(x)=0 

Which is not an eigen function .Hence X + 1 > 0 is not an eigen value 
Case III: If X +1 < 0, then 1 + X = -g 2 = -n 2 n 2 => X ^ - (i^'4 2 )"^ 


The eigen value X n are given by 

X n =-(1 + n 2 n 2 ),n - 1,2,3,... 
Thus, we have 
<|>(x) = Z? sin « nx 




Let B = 1, the required eigen function <j) '(xj arecglven as 

n V \v ' \ 

, \ ! 

4>„ (x) = sin mix ^ 


The normalized eigen functions ( I> n are giyen by 


®,W = 


i 2 i 1/2 r i 

J 0 [4> n to] dx J Q sin 2 nnxdx 




-J (1 — cos2nnx)dx 


Here F (x) = e x 

Now Fn=f o F(x)<S> n (x)dx 

=t>F n =je*. sinwctjdx 


[ V2 e ,. ' > 

=> F n = -r—r-{sinnro:- «7rcos«ju:} 

l + mn l 


=> F n = -—— cos nrt + nn} 

1 + n 1 n 2 

tm4l{\-e{-\) n ) 

=>^„=-- y 2->" = 1 ’ 2 > 3 ””’ 

+ n n 
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When A be not an eigen value then the given integral equation will possess 
unique solution. 

<K*)= F (*) + (*)’^ * Xn 

n =I K n k 


u \ * ^/W2{l-e(-ir} ^ si 

=>♦(*)“ ^ + *£- ,S 2 ~ 2 2 

n= i 1 + n 7t —n k 


n 2 n 2 -1-A 


oo n|l-e(-l)"isin«nx 

=>(j)(j:) = e JC - 2 Ati£-^- 

^(l + 72 2 7t 2 )(l + nV + A) 

When A, be not an eigen value i.e., A = A n =-l-n it -then^the given 
integral equation does not possess any solution. ‘V. v x v’'\ 

v _ 

Example: Solve the symmetric integral equation,, in the form 

<K*)=i + \[ 0 * ws (* + ^K>(O<#, 

Solution: Considering the corresponding homogeneous integral equation in 
the form v _- 

4>(*) = ^J<Tcos (jc- t-£,) (8) 

\ 

The required eigen values are A-j = — and A, 2 = 

TZ V W 

.X, - 

• \ X . O 


The eigen function corresponding to the eigen.value Aj = — is 

K 

, / s 2p f 2p^ 

91 (jcJ ==—cos x = cos x, let — =1 
7i V n ) 

The corresponding normalized eigen fucntion $1 (x) is determined by 





■ FffQ] 




Also, the eigen function corresponding to the eigen value A 2 = — is 

7t" 

, , \ 2v . . ( 2v^l 

<p 2 (x) =—sinx =smx, Let —=1 

71 ^ TZ j 

The corresponding normalized eigen function <I> 2 (x) is determined by 


J 0 l«wi “ sin xaxj 
Also i<i(x) = J o F(x)<& l (x)dx=j* 1 J^-cosx dx = 0 

t \ fit / \ f \ 1 fit [2 . [2 

fs(x) = F(x)<J> 2 (x)ax = ,—smxdx = 2J—. 

2K ’ Jo w zt ; J 0 V_ 


Tut y&tsr Own fifties 
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(i) The integral will possess unique solution which will be given by 
(when X * , X * X 2 2 ) 

< j , (^) = F(^) + A. • 

i A,** — A» 
m-\ m 

or 4>( jc ) =f ( jc ) + 7' ; \ F \hi x ) + r^^T F 2hi x ) 

Aj — a, ^2 — ^ 

. / \ X ^ 12 12 . , 4X sin x 

or <K*) = 1+-77 v- 2J--J-smx = l- — 


^Vx ^ 

Jt > 


2 + Xn 


(ii) When X~X 2 = ~ — ,F 2 (x)*0 then the integralequatiqn.possesses 


no solution. 


(iii) When X = Xj = -J ,Fj (x) ^0 thenB^mfinite nihny^solutions given 

x 

<t»(x) = F(x) + C 1 0 1 (x) + __-F 2 $4 x)\^- 


or ♦(jc) = 1 + C, | - cos X + - yA^ 


2 2 . 

— — smx 

Jt V Jt 


JtWsLJt 


[2 [2 

or<j>(x) = l + Ccosx-J— sinx, whereC = Cj, —. 

V Jt v 71 


EXERCISE-4 


Solve the integral equation 

<Kx)=x+x|W^(^ 




x(^-l) 0<x< ^ 
4(x-l) E <x < 1 


Using Hilbert -ScKmith theorem, solve the symmetric integral equation 

(a) <j>(x) = (x + 1 f+j^+x^mid!; 

(b) <}»(x) = (x 2 + l) +|fV(x4+x 2 ^ 2 )^^ 

(c) <j)(x) = x + xJ o 2n sm(x + ^)(t)(^)^ 

Solve the integral equation 

<t,(x) = ^+xJ o 1 (5x 2 - 3)^)^ 


&T««« > •• ; v- /- 

BfBm' v ^yjjg£ 


HP 

rtei' 
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ANSWERS EXERCISE (1) 

(a) <)>(x) = -l -^(Ix-Q^dt, 

(a) 4(x) =q(3 + 6c-(5/2)x 2 j +c 2 (6-5x) - 5c 3 +j* 3-6(x-E)A(x-E,) 2 <\(QdE, 

(b) <(>(x) = cos x — 2x(l + x 2 ) -| o |^l + x 2 j (x-^)<J)(E,)^£, 

(c) <j)(x)= l-x + ix 3 j + |^sin^-(x-^)^+cos^J<|)(^)^ 

(d) <j>(x) =f^Vx 3 - 3x) + ^X(x,^)((>©^ ^ 


Where A r (x,0 = 


x; x<^ 

4; x >^ 


ANSWERS EXERCISE (2 $ 


X \0 

xo'" 


(a) e (1+X)(x "^, x>4 VX 

2 + cos x e X(x-t) 

2 + cosE, 

(c) (xx+2y^ 

v 2 f 2 

(d) 2xe* -5 

(a) -cosx= sinx- ‘Axsinx 

(b) <j>(x) = 93e 3jc - 64 e 2 * 

(c) e*^l+x 2 j 


3 6 9 

, „ , x x x 

(d) 1 H-1-1-h . 

2 2.5 2.5.8 

(a) sinx 

^ cos hx 

(c) e x 

(d) e* 


V;' "■ 


A\ 


\ "v 


(a) X 2v _,(x,£) = (2ji) 2v-2 (x+ sine) 

andX 2v (x,E) =(2 jc) 2v_1 (1 +xsin£,) when v= 1, 2, 3,... 

( n V -1 

(b) K v (x,Q = (-l) v_1 e x cos £ v = 1, 2, ... 

\ 2 ) 

(a) <^(x) = ^e x -~xe x ~e + l 

(b) <|>(x) = x 

(c) 4>(x) = e x 

(d) <}»(x) = l+3,+ x+— + 1? x + — +X 3 —x+- 

\ 2) l 12) 112 8J 
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ANSWERS EXERCISE (3) 


(a) R(x£;X) = 


( 2 x-^) + X 2 x + t,- 2 fyc — 
v 3 


1 — + — 

4 6 


x 2 t, - jc £, 2 + x£, + 


(b) R(x£;X) = 


x+t, xt, 1 
~4 3~ _ 5 


(0 je (lt5;X)= fliHz2i2zi^!2£!2a 

\ + 2 X 2 n 2 


(d) R(x&K) = 


1 + 2 xt, + A. 


\\ N "" 


(a) <j)(x) = sec 2 ;t +-tanl 

\ — X 


(b) 4 >{x) = e x 


\ XV 

i .' __ 

'\NX 

r V~ v \s_ 

9 e 10 + i] \ > 

\ ^ 


/ -v . LfXX 

(c) d)(^) = sinx +-sin 7 sin 3 

V ' 1 - 42 X 

(a) <j)(x) = cosx 


(b) <j)(;t) = 2 x-n- 


n 2 sinx 


(c) <))(x) = x +-— 

( 12 - 24 X-X 2 ) 


[10 + (6 + A,)jc] 


"V \ VV ;V I- 


(d) <j)(x) = 


(240 - 60A.)x + 80A-X 2 
240 -120X-X 2 


l g >1-; 


- -> 


(e) §(x) = -(l- 4 x) + 


48 + 29At 


2X 2 jc + 


1 r-y 

(a) Eigen value X = —, corresponding eigen function <(>(*) = XT + : 


X'V /V^V - 5*V V~VV>" 

V |i gji | 

W&B& 

sisb®*|IS6«ms 
ttjl HS > MWS.<ia 


• H! i 


!i®gl 


S§S»i 

.i ‘ W •«.' 


(b) eigen values X^=X 2 = - 3 , corresponding eigen function (j>(jc) = x- 2 x 2 

(c) Equation has trivial solution, so it does not contain any eigen values or XlSiS^Sl^iWI 


eigen functions 


wmsmBmm 
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ANSWERS EXERCISE (4) 

n 2X ^ (-lV’sin/iiDC , ? 2 

I. <j>(x) = x +— Y-—r-r-; \*-n 2 n 2 , n = 1,2,... 

n “ n(n 2 n 2 +X) 




2. (a) <j>(x) =—x 2 + 6x+1 




(b) 4>(x) = 5x^ + Ax + l, where A = ' 

(c) 4>(x) = x- ^ n ^ 2 -(knsmx + cosx) 

1 — X. 7X 


\ xy 

\ \N 

vrS^ 

\ V— 


- . -:: - 
>! X. 


1 

‘ .X' ; 

: 

Siis 

t&x. 


kwC 7 • i^v ,v* 
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1. The integral equation 


ASSIGNMENT SHEET 


r 

gix)y(x)- f(x) + xjk(x,t)y(t)dt with 

a 

f(x),g(x ) and k[x, t) as known functions, 
a and p as known constant, and X as a 
known parameter, is a 

(a.) Linear integral equation of Volterra type 

(b.).Linear integral equation of Fredholm 
type 

(c.) Non-linear integral equation of Volterra 
type 

(d.) Non-linear integral equation—..of^ 

Fredholm type 

V 

b 

Let y(x)-f(x) + X^k(x,t)yit)dt , wh^re... 


The solution of the integral equation 
5x 1 1 

<t>(;c) =-h — \xth(t)dt satisfies 

6 2 i 

(a.) <j>(0) + (j>(l) = l 


(b-) 4* - +<Hr =1 


x(c.)\ 4> - +<t> \- 1=1 


fix) and k(x,t) are known function's a 
and b are known constants and a< 

known parameter. If X be the Eigenvalues^ 
of the corresponding homogenous equation,... 
then the above integral equation has in 
general, 

(a.) Many solution for X X i 

(b.) No solution for X ^ X; 

(c.) A unique solution for X = X i 

(d.) Either many solutions or no solution at 
all for X = X{, depending on the form of 

fix) 

3. Consider the integral equation 
1 

yix) = x 1 +X^xty{t)dt, where X is a real 
0 

parameter. Then the Neumann series for the 
integral equation converges for all values of 
X 

(a.) Except for X = 3 
(b.) Lying in the interval -3 < X < 0 
(c.) Lying in the interval -3 < X < 3 
(d.) Lying in the interval 0 < X < 3 


eVv '■-A solution of the integral equation 

1 

\\ X 

\f\ 4>(jc) = Je' x ' _/ cj)(r)<3fr + sinh jc is 


^ (a.) <t fx) = e~ x 

(b.) <\>(x) = e x 
(c.) (j>(x) = sinhx 
(d.) <j)(x) = coshx 

6. Which of the following is a degenerate 
kernel? 

00 

(a.) k(x,t) = ^x n t n 

n =1 

(b.) k(x,t) = e [xl+t 
(c.) k(x, t) = d x ~*\ 

(d.) k(x,t) = e xl 

7. A solution of the integral equation 

X 

13 x ~ { ty(t)dt = x is 
0 

(a.) <j)(x) = 3x e 
(b.) $(x) = l-3x e 
(c.) <j)(x) = l-xlog3 
(d.) <J»Gc) = xlog3 
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The equation u(x) = f(x) + jK(x,t)u(t)dt is 

a 

(a.) A Volterra’s linear integral equation of 
the first kind. 

(b.) A Fredholm’s linear integral equation of 
the first kind 

(c.) A Volterra’s linear integral equation of 
the second kind 

(d.) A Fredholm’s linear integral equation of 
the second kind. 

The integral equation corresponding to the 

initial value problem 

i Z 

—? + ^ = 0, y(0) = 0,/(0)=l is 


(a.) u(x) = x + ^(t-x)u(t)dt N 
(b.) «(*) = * + ^{t- x)u(t)dt 
(c.) w(x) = sinx + (t-x)u(t)dt 


Previous Year Question Paper 


12. The integral equation, involving a parameter 

7C 

X , (j)(x) = cosx + A.Jcos(x + f)(j>(t)<?t has 


(a.) A unique solution if X = 1, and an 


infinite number of solution if X = - 


(b.) A unique solution if k = -l , and an 

2 

infinite number of solution if X = — 

7T 


\ A unique solution if X * — 

V-x V 7t 


\ \\ 


V ■*“**-*■ 's, 

\ x 

V \ 


(d.) z/(x) = x(l + x) +j^(t-x)K 

The linear integral equation associated ‘\yith ___ 
the boundary value problem 
,2 

—^ + Xu = 0, u (0) = 0, u (l) = 0 is 


(a.) A Fredholm linear integral equation of 
the first kind 

(b.) A Volterra linear integral equation of 
the first kind 

(c.) A Fredholm linear integral equation of 
the second kind 


yV--. >d:) No solution if X = ±— 

, - " 71 

13.\ For the integral equation 


u(x) = f[x) + xjK(x,t)u[t)dt to have a 

a 

continuous solution in the interval a<x<b, 
which of the following assumptions are 
necessary? 

(a.) K (x, t ) ^ 0, is real and continuous in the 
region a<x<b, a<t<b with 
|/f(x,t)|<Af 

(b.) f(x)£0, is real and continuous in the 
interval a<x<b, 

(c.) X is a constant 


(d.) X< 


M(b-a) 


(d.) A Volterra linear integral equation of 14. The 
the second kind. , 


integral 


equation 


For the Volterra type linear integral equation 

X 

<j>(x)=x + 2j e x ~^$(QdC„ the resolvent 
0 

kernel R(x, C,;2) of the kernel e x ~^ is 
(a.) ( e -0V (x “° 

(b.) (e-Qe x < 

(c.) e 3(x_0 
(d.) e (x “° 


y(x) = l + A.J o cos(x-/)y(t)cfr has 
(a.) A unique solution for X * 4 / (tc+2) 

(b.) A unique solution for X^4/(n-2) 

(c.) No solution for X?-4/(n + 2), but the 

corresponding homogeneous equation 
has non-trivial solutions 

(d.) No solution for X*4/(n-2), but the 
corresponding homogenous equation 
has non-trivial solutions. 
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For the linear integral equation 

1/2 

(j>(x) = x+ J <)the resolvent kernel 
0 

R(x,£,:l) is 


18. The initial value problem —+ y - 0; x > 0 

dx 2 

y(o)=-i, y(o)=o, is equivalent to the 
Volterra integral equation 


( a) 2 
(b.) 2 


(d.) 4 


(a.) y(x) = \ + ^(t-x)y{t)dt 
0 
X 

(b.) y(x) = l + J(/ + ;c)y(r)<* 
0 
X 

N (c>y y{x)-\+[ i xty{t)dt 




integral 


equation 


A:(jc,Q<t>(C)^C Where X is_ a 


V\ V“ \ * 

. ^d.) yix) = 1 + s J :i (x-r)y(/) dt. 


\^"T9A -The 


integral 


equation 


parameter, and \ 

fcosCsinx,forO<C<x , , v X V 

K(x,Q = \ leads to. as. ' 

[sin C, cos x, for x < ^ < n \ 


an< ^\ x \\, (p(x)-X j cos[tc(x-/)]( p(r)J/= /(x) has 


boundary 


problem N \ 


^(y-/W<t>W = 0 J <t)(Tc) = 0,(t)'(0) = 0 \ 

where f (X) is known. Then the boundary, 
value problem has. ^ 

(a.) a unique solution when /(k) = 0 

(b.) infinite number of solution when 

m> o 

(c.) no solution when f(X) < 0 
(d.) a unique solution when X > 1 

For the homogenous Fredholm integral 
' 1 

equation §{x) = X^e x+t §(t)dt, a non-trivial 
0 

solution exists, then X has the value 


(a.) X = - 


(b.) X=- 




(d.) x=- 


y (a.) A unique solution for X ^ 1 when 
f(x) = x 

(b.) No solution for X *■ 1 when /(jc) = 1 

(c.) No solution for X = 1 when f(x) = x 

(d.) Infinite number of solutions for X - 1 
when f(x) = l. 

20. The solution of the integral equation 

1 

g(s) = s+ jsu 2 g(uyiu is given by 
o 

(a.) £(*) = “ 

(b-) gi t ) = J 

(c.) g{t) = j 

(d.) g(0 = J 

21. If y(/) = l+ ^y{y)e~^ t+v ^dv then y(t) at 

0 

t = \ equals 
(a.) 0 

. . (b.) 1 
(c.) 2 
(d.) 3 
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22. The initial value problem corresponding to 

X 

the integral equation y(x) = 1 + Jy (t)dt is 

0 

(a.) y'-y = 0 , y( 0 ) = l 
(b.) y'+y-O, y( 0 ) = 0 
(c.) y'-y = 0 , y( 0 ) = 0 
(d.) y'+y=0, y( 0 ) = l 


23. Let £(x,t) = 


x + t 0 <t<x 
0 otherwise 


Previous Year Question Paper 


26. Given that the eigen values of the integral 

2 ji 1 

equation y>(x) = /J o cos (x + t)y(t)dt are — 

and —- with respective eigen functions 
n 

cosx and sinx . Then the integral equation 
y(x) = sinx + cosx + A.J q cos(x + t)y(t)dt 
has 

(a.) Unique solution for k = 1 / n 
(b.) Unique solution for k = -1 / n 
(c.) Unique solution for k = n 
. ^ ■ .(di) . No solution for k = -n 

27. ' The -values of k for which the integral 

^ ^ \ \ | 

-^equation y(x)y A.J" ( 6 x-t)y(t)dt Has a non 

'-.trivial solution, are given by the roots of the 
N \>^ equation 


Then, the integral equation ^ ^equation "W 

1 ''''-^trivial solution, are given by tl 

y{^x)-\ + k^y{t)k{x,tyit has equation 

0 "" .' (a.) (3A. -1)(2 + A.) - A . 2 = 0 

(a.) A unique solution for every value of A. \ \\ (b.) (3L-l)(2 + L) + 2=0 

(b.) No solution for any value of k (c.) (3A.-l)(2+ A.)-4A . 2 =0 

(c.) A unique solution for finitely many (d) (3A,-l)(2 +A,) + A . 3 =0 


(c.) A unique solution for finitely many \> 
values of k only v \ 


NNw 28. The eigen values k of the integral equation 
(d.) Infinitely many solutions for 'finitely ^ 2% 

many values of A. y(x) = A. J sin(x + t)y(/)A are 


24. The 


integral 


equation 


y(x) = \{x-t)y(t)dt-x\(l-t)y(t) dt is 
0 0 
equivalent to 

(a.) y"-y=0, y( 0 ) = 0 ,y(l) = 0 
(b.) y"-y= 0 ,y( 0 )= 0 ,y'( 0)=0 
(c.) y"+y = 0 ,y( 0 )= 0 ,y(l) = 0 

(d.) y"+ 7 - 0 , 7 ( 0 )= 0 , 7 '( 0 ) = 0 


, , 1 1 

(a.) —,- 

2 n 2 n 

(b.) 

n 7 i 

(C.) 71,-71 

(d.) 27t,-27t 

29. The integral 


equation 


25. The 


integral 


equation 


y(x) = A. J sin(x + f)y(t)^t has 


(a.) No solution for any value of X 

(b.) Unique solution for every value of A. 

(c.) Infinitely many solutions for only one 
value of A, 

(d.) Infinitely many solutions for two values 
k 


y(x) = x-j(x-t)y(t)dt is solved by the 
0 

method of successive approximations. 
Starting with initial approximation y\ (x) = x 
the second approximation y 2 { x ) * s given by 

(a.) (*) = * + — + — 

(b.) y 2 (x) = x + ^ 
x 3 

(c.) y 2 {x)=x—^ 


3 5 

x x 


(d.) >i(x) = at:-—+ — 
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Solution of the initial value problem 
2 

^-T +a i{ x )-j- +a 2{ x )y = F { x )> o<x<i 

dx l dx 


h( 0 ) = c O> ^ = x 


Where 


aj(x),a 2 (x) and F T (x) are continuous 
functions on {0,1} , may be reduced, in 
general to a solution of some linear 
(a.) Fredholm integral equation of first kind 
(b.) Volterra’s integral equation of first kind 


.Previous Year Question Paper 


13. Suppose 

y(x) = X| o y(()sin{x + ()d(,xe[0, 2 jc] has 
eigenvalue X ~ — and X = —- , with 

■It K 

corresponding eigen functions 

yi(x) = sin(x) + cos(x) and 

y 2 (x) = sin (x) - cos (x J, respectively. Then 
the integral equation 

T(x) = /(x)+-f V(<)sin(x + t)A,xe[0, 2n\ 
n JU 

has a solution when / (x) is 


(c.) Fredholm integral equation of second 

king v Ns. 

(d.) Volterra’s integral equation of seconds \ \ 
kind \ Nb 

Which of the following functions is — 

solution of the Volterra type integral equatiqn\_ ' 

X V \ 

/(x) - x + J(sin(x -t)/(f))rft ' 


V^^b.) cos(x)' \ 

. V -— v 


(a.) X + y 


(b.) X- 

3 


(c.) x + - 


(d.) X- T 


"{c.) sin(x) 

(d.) 1 + sin(x) + cos(x) 

The value of a for which the integral 
equation u(x) = aj\ x ~‘u(t)dt, has a non¬ 
trivial solution is 
(a.) -2 
(b.) -1 
(c.) 1 
(d.) 2 


35. The 


integral 


equation 


rf ? i v 2, ,2 1 , . 
x(f) = sinf + A. s r+e x[s)ds 


Which of the following functions is a 
solution of the Fredholm type equation 


0<( <l,A,ei?,A,^0 has a solution for 
(a.) All non-zero values of X 
(b.) No value of X 

(c.) Only countably many positive values of 
X 

(d.) Only countably many negative values of 
X 


36. The 


integral 


equation 


f(x) = x + \(xtf(t))dt 


(a.) 2x/3 
(b.) 3x/2 
(c.) 3x/4 
(d.) 4x/3 


x(t)~ | [cosMsecs’ x(j)]& = sin.ht, 0<t <1, 


(a.) No solution 

(b.) A unique solution 

(c.) More than one but finitely many 
solution 

(d.) Infinitely many solutions 
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